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ABSTRACT
SHEAR STRENGTH AND FATIGUE CRACK PROPAGATION IN
CONCRETE BY ENERGY METHOD
Wei Wang
The limit analysis methods have been commonly used to
predict the ultimate flexure strength of reinforced concrete
members over 50 years. However, current design formulas for
shear in structural concrete are mostly empirical. In part
one of this dissertation, attempts are made to apply the
theory of plasticity to predict the shear strengths of
reinforced concrete structures.
The modified Coulomb-Mohr failure criterion is used as
the constitutive law of concrete, and the plastic flow is
assumed to be associated with this failure criterion. A
generalized formulation for energy dissipation in accordance
with the failure criterion and associated flow rule is
proposed in this dissertation. The upper-bound method is
used to predict the shear strengths of reinforced concrete
members, including push-off shear transfer, bracket and deep
beams. The proposed method is also used to predict the
torsional strength of reinforced concrete beams. The
theoretical solutions show a good agreement with the
existing experimental results.
A structural coefficient of plasticity is proposed to
consider the effect of hydrostatic pressure on the ductility
of concrete materials. This structural coefficient of
plasticity, namely v,is found to be a function of
reinforcement indexes and shear span ratios. Different v 5'
are given in this dissertation.
The fracture property of concrete structures becomes an
increasingly important issue in the engineering practice
because of the changing working of environment of reinforced
concrete structures. Part two of this dissertation is
designated to the study of the fracture and fatigue
characteristics of structural concrete.
In part two, a generalized process zone theory based on
the Paris' energy formula is proposed to study the inelastic
fracture properties. This generalized process zone theory
is capable of analyzing inelastic fracture characteristics
of engineering materials in general. The so-called sized
effect is formulated by this proposed generalized process
zone theory for softening materials. A brittleness index is
also proposed in this research based on the this generalized
process zone theory. This brittleness index may be used to
characterize the inelastic fracture properties of the
structures.
A damage accumulation theory is proposed in this
research to predict the fatigue crack propagation rate. The
damage of the materials near crack tips caused by the cyclic
load is characterized by the plastic component of J
integral, or, the plastic fracture energy of the system. A
fatigue crack propagation formula is proposed based on this
damage accumulation theory. With the inelastic fracture
properties predicted by the proposed generalized process
zone theory, this fatigue crack propagation formula is
capable of predicting the crack growth rate in metals and
structural concrete. This theory is also able to predict
the fatigue threshold of metals and concrete materials.
Test results show that the proposed theory has a good
accuracy in both metals and structural concrete.
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PART I
CHAPTER 1
INTRODUCTION
1.1 General
The research on shear strength related failures of
reinforced concrete structures was a focal point during
the past 30 years. In the 70's, the application of the
theory of plasticity started a new chapter of reinforced
concrete mechanics. Several constitutive models were
developed exclusively for concrete material. These
constitutive models made the application of the nonlinear
finite element analysis method in reinforced concrete
structures possible. The nonlinear finite element
analysis method provides detailed structural analysis
which would not have been possible in the past. A
carefully constructed model may be able to analyze the
crack initiation, propagation and ultimate load of
reinforced concrete structures(Okaemure and Maekawa,
1991). However, because of its higher cost, nonlinear
analysis methods may not be considered as a conventional
engineering practice.
As a practical, simple, and effective method, the
limit analysis has been used to predict the ultimate
strength of reinforced concrete structures for over fifty
years. Rather than elastic approach, the limit analysis
method is based on the theory of plasticity, thus, it
1
2provides a solid theoretical background in describing
structures made of reinforced concrete which is well-known
to be a reasonably ductile composite material. In the 30's
Johansen (1932) established the plastic theory for slabs.
Known as the yield line theory, his attempt in applying
the classical theory of plasticity to reinforced concrete
structures was a complete success and it initiated a new
age of the mechanics of reinforced concrete structures.
A generalized theory of plasticity was postulated by
Gvozdev in 1938 (Gvozdev, 1938) and Prager (1952)
independently. Gvozdev's work was not known to the west
until 1960 when his original paper was translated into
English. Similar research was conducted at Brown
University in USA. Their work formed a so called "Prager
School" in the field of plasticity. Most of their
researches are considered as fundamentals in modern theory
of plasticity(Nielsen, 1971).
One of the most important improvements during the
development of the theory of plasticity was undoubtedly
the establishment of the so called upper- and lower-bound
theorems. The contents of these theorems indeed known by
intuition long before Gvozdev's work and those of the
"Prager School" appeared. However, a complete precise
formulation was given by Gvozdev (1938) and Drucker,
Greenberg, and Prager (1952), independently. The upper-
and lower-bound theories have been proved to be very
valuable tools in the engineering practice.
3In the 70's and 80's, the generalized formulation for
limit analysis of reinforced concrete structures was
initiated by applying the theory of plasticity. Different
constitutive laws for concrete material were developed
during this period of time (Kupffer, 1969, Ottosen, 1977).
These constitutive laws provide a solid base of the
modern limit analysis method for reinforced concrete
structures. Several research groups worked on this field
during this period of time. Among them are Nielsen's work
on reinforced concrete disk and beams (Nielsen, 1971),
Chen's work on splitting specimen (Chen, 1982), Brstrup
(1978) and Jiang's ( Jiang and Shen, 1986) punching shear
of slabs. These studies together with researches
conducted by others in this area have all contributed
significantly to the development of limit analysis in
reinforced concrete structures.
1.2 Scope and Objective of Research
In spite of the progress made in the 70's and 80's, the
research and application of the theory of limit analyses
of reinforced concrete structures subjected to multi-axial
stresses is still a challenging task. Progress in this
field will influence the future design and analysis method
of reinforced concrete structures.
The theory of limit analysis for reinforced concrete
flexural members has become well established since the
development of both the yield line theory and the stripe
4theory (Johensen, 1932, Helloborg's 1953, 1956). However,
researches on shear strength of different reinforced
concrete structural elements only began in the 70's and
80's (Nielsen, 1971, Brstrup and Nielsen 1978, Jiang and
Shen, 1986). These research problems included shear
strength of slender beams, shear strength of reinforced
concrete panels, and punching shear strength of slabs,
etc. These studies were essentially important in
initiating researches in this field.
Like all the other pioneer researches in the
history, these studies lacked relevance. A generalized
or unified method must be developed to reveal the
fundamental shear properties of reinforced concrete
structures. Progress in such an attempt may provide
possibilities for a more consistent and efficient
reinforced concrete design code based on limit analysis
methods. The scope and objective of this research is to
seek the possibility of establishing such a unified
theory, and apply it to different problems, thus leading
to a series of consistent solutions to these problems.
1.3 Brief Review of Limit Analysis
1.3.1 Stress Tensor
A Stress tensor may be defined as follows in Cartesian
coordinates (Chen and Han, 1988)
This stress tensor can be written using Von Karman's
notation in the form
Principal directions are defined as the directions of the
Cartesian coordinates that satisfy the following relation
As shown in Equation 1.3, the stress tensor has only
normal component in a principal direction n 1 . Thus the
principal direction shall have the following form
Using the Kronecker Delta 	 the above equation yields
5
which implies
In order to obtain a nontrivial solution from the above
simultaneous linear equations, the determinant of the
coefficient must vanish
or in the abbreviated notation
Equation 1.8 yields
where
6
Here, I 1 , I2 and 13 are referred to as invariants of the
stress tensor since they are independent of the rotation
of the coordinate axes. In principal directions, the
stress invariant can be written as
A stress state at a point may be described by a
hydrostatic (spherical) stress tensor and stress
deviatoric tensor. The hydrostatic stress tensor
indicates the mean stress level that the material is
subjected to. The stress deviatoric tensor represents the
shear related properties of a stress state. 	 The
hydrostatic stress tensor has elements of pδ ij, where p is
the mean stress and is given by
The stress deviatoric tensor is defined by
subtracting the hydrostatic stress tensor from the actual
stress tensor,
The procedure used in deriving the formulation of stress
invariant may be applied to obtain the invariant of the
stress deviator su. To ensure a nontrivial solution for
principal stress deviator, the following must be satisfied
are the invariant of the stress
deviator tensor. Similar to the stress invariant, the
invariant of the stress deviator tensor can be found as
follows
8where
	 is the stress deviator tensor.
The invariant of the stress deviator tensor may also
be written in terms of invariants I t , 12 , and 13, which leads
And also, these invariants may be written in terms of
principal stresses. For example, the second invariant has
the form of
As shown in Equation 1.58, the second invariant of
stress deviator tensor J2 is a shear stresses and specific
strain energy related parameter. It has been widely
accepted that the ductile failure of material is mainly
caused by shear stresses and dissipation of strain energy.
Thus the majority of the postulated failure criteria are
proposed as functions of J2 for a three-dimensional stress
state. (Hsieh, et al. 1982) (Wiliam and Warnke, 1975)
1.3.2 Failure Criteria of Engineering Material
Engineering materials may be classified into two major
categories, namely pressure independent and pressure
dependent ones. Most metals are of the first category,
or, pressure independent. Failure criteria for these
materials are functions of J2 . In contrast, the
9strengths of cementitious materials, such as concrete
and mortar, are hydrostatic pressure dependent. Their
failure criteria shall be functions of J2 and
simultaneously.
Different failure criteria for both hydrostatic
dependent and independent materials were postulated in
the past. Several well developed criteria have been
widely used in engineering practice. Among them are the
Tresca maximum shear stress model and von Mises' maximum
specific strain energy criterion (Hill, 1950) for
pressure independent materials, and Coulomb's internal
friction criterion for pressure dependent materials
(Coulomb, 1773).
Figure 1.3.1 Yield Criteria Matched in Tension in a
Deviatoric Plane (Chen and Han, 1988)
1 0
Pressure Independent Yield Criteria: 	 In the theory
of plasticity, failure criteria may be defined in terms of
surfaces in a stress space, known as Haigh-Westgaard stress-
spaces (Chen and Han, 1988). For a pressure independent
material, its failure surface has a cyclinderial shape along
the hydrostatic axis (see Figure 1.3.1 and 1.3.2) since the
surface is a pressure independent function.
The Tresca yield criterion defines that the failure of
the material as the applied maximum shear strength reaches a
critical value k. This critical values may be determined by
the uniaxial yield strength σo , namely
Tresca's maximum shear criterion has the form of
in terms of principal stresses. It defines a regular
hexagonal prism surface in the principal stress space as
shown in Figure 1.3.1. Tresca's yield criterion can also be
expressed in terms of the invariant J2 and J3
where 0 is the direction of the stress tensor with respect
to the first principal stress in the π-plane.
Von Mises' Failure criterion is based on the maximum
specific strain energy dissipated by the material. The
failure of materials occurs when the specific strain energy
in the material reaches the critical value, namely
or in principal stresses
where
Von Mises' yield criterion defines a circular cylinder
in the principal stress space as shown in Figure 1.3.2.
These two pressure independent yield criteria have been
widely used in the analysis and design of metallic
structures for decades.
Figure 1.3.2 Yield Surfaces in Principal Stress
Space (Chen and Han, 1988)
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Pressure Dependent Failure Criteria: Strengths of
most cementitious composites, such as concrete, mortar
and rock, are hydrostatic pressure dependent. In
contrast, the failure surface of a hydrostatic dependent
material varies in accordance with different values of
the hydrostatic pressure. Higher negative hydrostatic
pressures may increase the yield strength of the
material, thus, the failure surfaces shall have a larger
cross section perpendicular to the hydrostatic pressure
axis.
Figure 1.3.3 Ottosen Failure Criterion for Concrete
Materials
13
Most cementitious materials are hydrostatic
pressure dependent. Their failure surfaces are convex
and have a closed end at the higher positive hydrostatic
pressure side. Physically, the closed end on failure
surfaces indicates that the material may fail .due to
positive (tensile) hydrostatic pressure.
Ottosen's four-parameter failure criterion
(Ottosen, 1977) defines a typical failure surface
(Figure 1.3.3) for cementitious material. It has a
closed end at the tension side and opens at the
compression side. These materials are referred to as
Coulomb materials occasionally since their strength can
be considered as internal-friction dependent. The Mohr-
Coulomb criterion defines the critical shear stress as a
function of cohesion c and internal-friction angle 4.
In principal stress space, the Mohr-Coulomb criterion
reads
Where (I) is the internal friction angle. Define
Equation 1.28 may be simplified as
14
If expressed in terms of the invariant, the Mohr-Coulomb
failure criterion yields
As expected, the Mohr-Coulomb failure surface has a
hexagonal section that is similar to the Tresca yield
criterion since they all define the failure of the
material in terms of maximum shear stress. Indeed, the
Mohr-Coulomb criterion becomes identical with Tresca's
yield criterion when Φ=0as it should be.
Figure 1.3.4 Coulomb Failure Criteria in the Deviatoric
Plane for Different Φ's (Chen and Han, 1988)
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The Coulomb failure criterion assumes a constant
internal friction angle for a given material. As a
matter of fact, the internal friction depends on the
hydrostatic pressure in the material. On a macro-level,
the strength of the material appears to be a function of
hydrostatic pressure. Larger hydrostatic stresses may
lead to a higher strength of the material. However, the
increment in strength is not a linear function of the
hydrostatic pressure. A higher negative hydrostatic
stress increases the internal friction, and so the
strength of the material. However, it may also damage
the inter-lock system in the material and lead to a
lower internal friction angle. Thus, the incremental
strength becomes smaller.
In fact, the failure of a cementitious material is
more likely to be both internal-friction and specific
plastic strain energy dependent. Thus, its failure
surface has a rounder sectional shape, especially when
the material is subjected to a higher negative
hydrostatic pressure.
Concrete is a most commonly used cementitious
material. When it is subjected to a lower negative
hydrostatic pressure, its strength is mostly dependent
upon the maximum tensile strength. Thus, its failure
surface has a triangle section corresponding to a high (1)
value (see Figure 1.3.4). For stress states with high
negative hydrostatic pressure, the strength of concrete
16
is more likely to be dominated by strain energy
dissipation. Therefore, the cross section of the
failure surface at high negative hydrostatic pressure
has a shape closer to a circle defined by von Mises
criterion.
Ottosen (1977) suggested the following criterion to
define a failure surface having the above properties.
His equation is classified as a four parameter formula,
and has the form of:
a, b, k1,and k2 are constants that may be determined by
the so-called membrane analogy. The values of these
constants for different ft/f'c ratios are given in Table
1.3.1
Table 1.3.1 Parameters and their dependence on ft/f'c
ratios
Ottosen's criterion successfully described the
general shape of a failure surface of cementitious
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material. It is valid for a wide range of stress
combinations. With its explicit formulation, his
criterion is easily applied in finite element analysis
methods.
1.3.3 Plastic Flow and Associated Flow Rule
A perfectly plastic material has no strain hardening
beyond the yield surface. Thus, plastic deformation
(plastic flow) occurs under a constant flow stress (yield
strength). In terms of the theory of plasticity, plastic
flow occurs if
where σij is the stress tensor, and k is a constant. In
case of materials undergoing plasticity, the stress
tensor can only move on the yield surface, therefore,
the increment of the yield function is equal to zero,
i.e.
A so called plastic flow rule was postulated to
define the incremental plastic strain tensor def t . Von
Mises (1928) proposed a plastic potential function g(σij )
which is a scalar function of the stress tensor ij.
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Then the incremental plastic strain tensor may be found
as
This relation was later known as the flow rule in the
theory of plasticity. Assume that f= g, or the plastic
potential function and the yield function coincide, the
flow rule yields
where O. is a positive scalar factor of proportionality,
which is non-zero only when plastic flow occurs.
Equation 1.38 is called the associated the flow
rule since the plastic flow is associated with the yield
surface (Hill, 1950). In contrast, Equation 1.37 is
defined as the non-associated flow rule in case of fig.
Geometric interpretation of Equation 1.38 leads to the
following: the incremental plastic strain has the same
direction as the normal of the yield surface of the
material since (a is a constant during the course of
undergoing plastic flow. This concept will be used in
the following section to derive the strain energy
dissipation rate.
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1.3.4 Lower-and Upper-Bound Theorems
The basic theorem of limit analysis has been used for
decades and can be established directly for a structure
with the following properties (Chen 1982):
1.The material exhibits perfect or ideal plasticity,
i.e. work hardening or work softening does not occur.
This implies that stress states cannot move outside
the yield surface along any loading path, so that
stress vectors in the yield zone of a structures must
be tangential to the surface whenever the plastic-
strain rate are occurring.
2. The yield surface is convex, and the plastic-strain
are derivable from the yield function through the
associated flow rule.
3. Changes in geometry of the structure that occur at
the collapsed load are insignificant, i.e. the
principle of virtual work can be used.
The collapsed load of an idealized structure having
the ideal properties listed above is called limit load.
The basic theories construct the base limit analysis,
namely upper and lower bound theorems.
The upper-bound theorem states that a structure
will collapse if there is any compatible pattern of
plastic deformation for which the external forces do
work that exceed the internal dissipation. It is a
formal statement which explains that in all the possible
collapsed paths, the external force will find the
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optimal path that requires the least amount of work done
to destroy a structure.
In contrast the lower bound method states that if
an equilibrium of stress can be found to balance the
applied load and is everywhere within yielding or at
yielding, the structure will not collapse or will be
just at the point of collapse. In other words, from the
point of view of a system, it always finds its maximum
capacity to carry the external load to maintain the
integrity of the system. However, the external loads
always find the way to destroy the system with the least
energy. In this sense, the two basic theorems of limit
analysis explains, at least from the point of view of
mechanics, the basic and delicate law of the nature,
i.e., the nature always finds the best way to maintain
or destroy a system as it wishes.
A solution from limit analysis is said to be exact
if the upper bound solution matches the lower bound
solution. However, it is difficult in general to find
both lower- and upper-bound solution for a system,
especially for reinforced concrete structures. In
practice, either a lowest upper-bound solution with a
compatible failure mechanism or an uppermost lower bound
solution which satisfies the force boundary condition
may provide a satisfactory estimation of the ultimate
strength of the structure. The analyses of shear
strengths in reinforced concrete structures provided in
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part I of this dissertation are based on the upper-bound
theorem.
1.4 Constitutive Laws
Failure criteria for general engineering materials have
been discussed in section 1.3.2. Hereafter, a modified
Coulomb-Mohr failure criterion is discussed in details.
This failure criterion is used intensively throughout
this investigation on the shear strengths of different
reinforced concrete structural elements.
In solving punching shear problems, Jiang and Shen
(1986 ) used a parabolic Coulomb-Mohr intrinsic curve as
the yield criterion for concrete. The parabola shown in
Figure 1.4.1 gives the following relation between
shear stress tint and normal stress an on the yield
surface,
where
ft*, fc* = plastic (or effective) tensile and compressive
strengths of concrete,ft', fc'
 = uniaxial tensile and compressive strengths of
concrete, and
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vt, vc = plastic or effective factors for tensile and
compressive strengths.
The reason for using the plastic , or reduced
effective strength of material rather than the ultimate
strength of the material will be discussed in details
later.
The value of K is determined by allowing the
parabolic intrinsic curve tangent to Mohr's circle for
simple compression. Due to symmetry, the parabola is
also tangent to the Mohr's cycle for simple tension.
Figure 1.4.1 Modified Coulomb-Mohr Failure
Criteria(Jiang and Shen, 1986)
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The material yields when a certain stress M
reaches the parabolic curve, thus the corresponding
stresses an and T ilt must satisfy Equation 1.39. The
associated flow rule requires that the direction of
plastic flow be normal to the yield surface. Thus
where a is illustrated in Figure 1.4.1.
When the direction of plastic strain rate is given,
the value of the shear and normal stresses on a yield
Figure 1.4.2 Yield Locus in Principal Stress Space
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Figure 1.4.2 shows the yield locus of the failure
criterion in a principal stress space. The curves
representing Equation 1.43, and 1.44 are hyperbolic in
the principal stress space.
In case of a less than a, (see Figure 1.4.1) the
concrete fails in simple compression. Here, a, is in
the normal direction of the parabola at the point where
the curve tangent to the Mohr's circle for simple
compression.
By assuming that the minimum third principal stress
is 	 the yield surface shown in Figure 1.4.2 is
simply capped, and it leads to the following simple
relations
In principal stress space, Equation 1.45 and 1.46
correspond to the dotted line in Figure 1.4.2.
The work equation will be used to find the upper-
bound solution. In a work equation the rate of work
done by external load in a permissible failure mechanism
is set to be equal to the energy dissipation rate of the
material, namely D(εPij). The general formulation of the
energy dissipation rate for von Mises and Mohr-Coulomb
criteria are given by Chen (1975). Hereafter, a
generalized energy dissipation rate in accordance with
the above parabolic failure surface is proposed(Wang,
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1988). This generalized formulation of energy
dissipation rate is applicable to both plane stress and
strain conditions.
Figure 1.4.3 Discontinuous Displacement Field (Wang,
1988)
Consider a plane, homogenous displacement field in
a narrow zone of a depth of d between two rigid bodies I
and II as shown in Figure 1.4.3. The strain rate in the
deforming zone is
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where v is the relative displacement of the rigid body I
and II, 8 is the width of the yield zone, and a is the
direction of the displacement. The principal stresses
are found to be equal to
Substituting Equation 1.47 into 1.48, the principal
stresses in such a yield zone may be found as
The corresponding direction of the first principal
stress with respect to the x-axis is
Thus, the energy dissipation rate in a unit volume of
the concrete within the yield zone may be written as
This general equation leads to the following equation
for proposed strain rate in the yield zone
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Equation 1.53 shows that the energy dissipation
rate in a unit length of the yield zone is independent
of its width. Thus, theoretically speaking, the yield
zone may be referred to as a yield line, or a yield
surface in a three dimensional body. Since this yield
zone physically indicates the discontinuity of the
displacement in a solid object, therefore, it is also
referred to as a surface of discontinuity.
According to the associated flow rule, the
direction of the plastic strain rate is solely dependent
upon the stress state and normal to the yield surface.
Therefore, the direction of the plastic flow shown in
Figure 1.4.3 must be equal to the normal direction of
the yield surface indicated in Figure 1.4.1.
For a plane strain condition, the direction of
plastic flow a must be greater than 0. However, it may
vary between n/2 and -n/2 for materials subjected to
plane stress condition. In case of a being less than
the material will fail in compression.
The energy dissipation in a unit length of yield
line can be obtained by substituting Equation 1.43 and
1.44 into Equation 1.53.
Equations 1.54 and 1.55 give the energy dissipation per
unit length of a yield line in a plane stress condition.
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As mentioned previously, Equations 1.43 and 1.44 can
also be applied to a plane strain condition even if a is
less than αo. Thus, the energy dissipation in a unit
length of yield line in a plane strain condition can be
written as
The above equations for energy dissipation rate
form the basis for the limit analysis of reinforced
concrete structures subjected to shear stresses. They
will be used in the following chapters to attain the the
ultimate shear strengths of reinforced concrete
structures.
1.5 Coefficient of Plasticity
The above formulas are derived by assuming that the
materials are all rigid-perfectly plastic. However,
concrete is not a perfectly plastic material. In
contrast, it is often referred to as a typical brittle
material with nonlinear ascending and descending parts
as shown in Figure 1.5.1.
As shown in Figure 1.5.1, the slope of the
descending part in a stress-stain curve of concrete
depends on the strength of the material. The higher the
strength, the larger the slope, thus the less the
ductility. A coefficient v c is defined to account for
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the effective strength of concrete, and it reads (Exner
1979, Nielsen 1984):
where, c u is the ultimate strain of concrete under
uniaxial compression.
Figure 1.5.1 Factor of Plasticity of Concrete
(Wang, et. al. 1992)
This definition of v c is based on the assumption
that an equivalent ideal rigid perfectly plastic
material has the same toughness as the actual concrete
material. If a material has a very flat stress-strain
curve beyond the yield point, its v c is expected to be
close to 1. Obviously, this value is equal to 1 for a
perfectly rigid-plastic material, and 0.5 for a brittle,
non-softening elastic material. The value of v c may
even drop below 0.5 for softening materials.
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Strain
Figure 1.5.2 Stress-Strain Curves of Concrete Materials
with Different Strengths
As shown in Figure 1.5.2, the shape of stress-
strain curves for normal concrete varies in accordance
with its strength. Concrete of higher strength may have
a steeper descending part, thus a lower value of v c
shall be used in the analysis. In contrast, a higher
value of v c shall be used for lower strength concrete
because of their flatter descending part. In general,
the value of v c is proportional to the ductility of the
material. Thus, v c may be referred to as the factor of
plasticity of the material.
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Using statistical analysis, the factor of
plasticity of concrete in slender beams was found to be
equal to (Nielsen et. al, 1978)
Equation 1.58 indicates the decrease in ductility
for concrete materials as its strength increases.
For different structural elements, the material may
be subjected to different stresses. For example, the
biaxial stresses state within the shear span of a deep
beam varies in accordance with the changing shear span
ratio. A smaller shear span ratio may cause a higher
negative hydrostatic pressure in the material. In such
a case, the stress-strain curve is very much different
from that of the one in slender beams. Thus the plastic
coefficient v c should be modified by another constant
which depends upon structurally related parameters and
loading conditions.
For deep beams subjected to concentrated loads,
this coefficient of plasticity may be found as a
function of the shear span ratio λ , or aid, where a is
the distance between the load and the support, and d is
the effective depth of a deep beam. For deep beams with
smaller shear span ratios, its stress field within the
shear span has a greater tendency to be compressive, or
in terms of the theory of plasticity, the stress field
has a smaller first invariant of stress tensor I 1 (Wang
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et. al, 1992). Generally speaking, a smaller
indicates a flatter descending part of the stress-strain
curve of concrete (see Figure 1.5.1). This phenomenon
was first illustrated by Richartm et al. in 1928 with a
series of triaxial compression tests of concrete
(Richartm et al 1928) and was supported by Kupfer's
biaxial test of concrete in later 60's (Kupfer et al
1969). The test results showed that the concrete
behaves more plastically under compressive load than
under tensile load. Therefore, another coefficient
corresponding to the structural behavior v s should be
introduced to modify the v c value for different
structures.
v s is primarily designed to reflect the different
plastic behavior for various types of structures.
Formulas of v s will be proposed in the following section
for different structural elements in accordance with
their structural characteristics.
CHAPTER 2
LIMIT ANALYSIS OF SHEAR TRANSFER AND
REINFORCED CONCRETE BRACKETS
2.1 Introduction
A shear transfer specimen assures an indisputable
failure surface, and it has a simple stress field along
the failure surface. Therefore, it is an ideal specimen
in measuring the ultimate shear strength of plain and
reinforced concrete structures. Figure 2.1.1 shows a
typical shear transfer specimen.
Earlier researches in this area were more empirical
than analytical( Mast 1968, Mattock and Hawkins 1972,
and Paulay and Locker 1974 ). These earlier researches
have formed a solid base of the so called shear friction
theory. This theory assumes that the direct shear
strength of reinforced concrete material is a linear
function of the internal friction angle of concrete and
the reinforcement ratio. This shear friction theory
has been adopted by ACI in the design specification of
reinforced concrete joints since 1971 (ACI, 1971).
Several analytical methods have also been developed
since the late 60's using different approaches. Some of
them achieved very good results, such as the limit
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analysis method by Nielsen et. al (1978), and the
softening truss theory by Hsu et. al (1987).
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Figure 2.1.1 Failure Mechanism of Reinforced Concrete
Push-Off Shear Transfer Specimens
Designs of reinforced or plain concrete joints in
precast concrete segmental bridges are the typical
practical applications of the shear transfer related
researches (Buyukorturk et. al, 1990).
The failure of a push-off shear transfer specimen
occurs after a through slip line is formed in the center
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of the specimen. The ultimate shear strength of such a
failure mechanism may be formulated using upper-bound
method by balancing the energy dissipated in concrete
and reinforcing bars crossing the failure surface. In
the following section in this chapter, an analytical
shear strength formula is developed based on this
failure mechanism.
2.2 Limit Analyses of Plain and Reinforced Concrete Shear Transfers
2.2.1 Energy Dissipation
Energy dissipation of a reinforced concrete shear
transfer specimen includes two parts, namely, the energy
dissipated by concrete and reinforcing bars crossing the
failure surface.
The energy dissipated by concrete my be computed by
the equations derived in Section 1.3 of Chapter one.
Considering a shear transfer specimen shown in Figure
2.2.1, the energy dissipation in concrete D e is
and the energy dissipation in reinforcement D s is
where,
v is the rate of plastic flow;
a is the direction of plastic flow;
36
αo is the transition plastic flow direction, below
which, the concrete material fails in compression;
b and h are the dimensions of the shear resisting
section;
m and k are the material constants to be used in
the failure criterion;
4 is the effective tensile strength of concrete;
ft, is the yield strength of reinforcement.
Figure 2.2.1 Reinforced Concrete Shear Transfer and Its
Failure Mechanism
37
The total dissipated energy along the yield line in
a shear transfer specimen is
or
The rate of work done by the applied load P in this case
is
W=vPcosα 	 2.5
In case of α > α o , the work equation can be written as
vPcosa = vbhft*(sin α + K cot α cos α,) + Ashfy sin a	 2.6
Denoted by y, the index of reinforcement is defined as
and it leads to a simplified work equation as
The reinforcement index is a dimensionless
parameter that indicates the level of reinforcement in a
structure. This parameter determines the load resisting
characteristics of a reinforced concrete structure. In
comparison with the reinforcement ratio, this
reinforcement index shows the reinforcement level of a
structure in a more comprehensive manner. A straight
forward implementation of this reinforcement index is
the ratio between the load resisting capacities of
concrete and steel. And also, it indicates the
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hydrostatic pressure level in the concrete material, and
thus influences the overall ductility of the structure.
The lowest upper-bound solution can be found when
Equation 2.24 yields an explicit solution for the
stationary value of a that leads to the lowest upper-
bound solution of P
Figure 2.2.2 Lowest Upper-Bound Solution for Shear
Trasfer
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The lowest upper-bound, therefore, can be written as
where To is the normalized ultimate shear strength. The
normalized shear strength x, vs. reinforcement index w
curve is parabolic (see Figure 2.2.2) according to
Equation 2.24.
A similar work equation may be derived in case of
α<αo using the second part of Equation 2.4
where Ash is the sectional area of reinforcement.
Equation 2.24 may be simplified as follows
its lowest upper-bound solution may be obtained by
letting dP/dα = 0, which yields
Equation 2.24 indicates a semicircular arc in a
τo- Ψ coordinate system. Its radius is m/2 as shown in
Figure 2.2.2. In cases of a overreinforced structure
the predicted normalized ultimate shear strength from
Equation 2.24 may decrease as the reinforcement index
exceeds m/2. However, the increasing of reinforcement
ratio should never reduce its strength in reality.
Thus, Equation 2.24 should not be used for a specimen
with reinforcing index higher than m/2. In such a case,
the reinforcing bars can not reach their yield strength,
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and undergo elasticity while the concrete fails due to
compression. The above formulas are not applicable to
this case since the reinforcement does not yield and
undergoes elasticity. Therefore, the normalized shear
strength for specimen with higher reinforcement index
than m/2 shall be equal to the maximum value of m/2.
The value of m/2 may be referred to as the critical
reinforcement index, above which a structure shall be
considered as overreinforced. Different structures may
have different definitions of reinforcement indexes.
However, the analytical results from this investigation
show that the critical reinforcement index of m/2 is
applicable to all different structures.
Solutions for shear transfer may be summarized as
follows
in which, the plastic flow direction constrain α<αo is
replaced by the reinforcement index Ψ<2 K. This
relation may be obtained by letting Equation 2.10 to be
equal to α o . Figure 2.2.2 shows the analytical results
in a τo-Ψ coordinate system.
An empirical study was conducted in order to verify
the validity of the proposed analytical method. Test
results from elsewhere were also analyzed using the
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proposed formula. These studies show that the proposed
ultimate shear strength formula for reinforced concrete
shear transfer has good accuracy. Details of a testing
program and comparison are discussed in Chapter 5 of
Part I of this dissertation.
2.2.2 Discussions
The ultimate shear strength of shear transfers estimated
from Equation 2.15 shows a nonlinear relation between
the reinforcing index and the normalized shear strength,
which is different from the shear friction theory being
used in ACID (1989). According to ACID building code, the
ultimate shear strength may be transferred by reinforced
concrete shear connection is
where o f is the angle between the shear-friction
reinforcement and shear plane, la is a coefficient of
friction, it varies from 1.4 to 0.6 depending on the
types of concrete and reinforcing bars, A vf is the area
of shear-friction reinforcement and fy is its yield
strength. This ultimate shear strength may not exceed
0.2fc'Ac nor 800k in pounds according to ACID, where Ac is
the shear resisting area.
The ACI's specification on shear friction is
conservative in comparison to the theoretical solution
from limit analysis. The maximum shear strength by limit
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analysis is 0.5vcfc`Ac. For concrete with a strength of
3000 psi, the factor of plasticity V C is about 0.7,
thus leads to a maximum shear strength of 0.35fc'Ac.
However, for concrete with higher strength, this maximum
shear strength is closer to the ACID specification. For
instance, for concrete with a strength of 6000 psi, this
maximum shear strength may decrease to 0.30fcAc .
Compared to the limit analysis result,
specifications in the ACID Building Code are not too
conservative. Knowing that the shear failures of
structures are most likely to be brittle and sudden,
such structures shall be designed with extreme caution.
On the other hand, the test data on the subject may have
relatively larger deviation, which is common for shear
strength tests. Therefore, in order to have the same
low failure probability, a lower estimated shear
strength must be used in the design.
The limit analysis of the push-off shear transfer
specimen shows the load resisting mechanism of
reinforced concrete structural elements. For a slightly
reinforced concrete structure, concrete failure is due
to combined shear and compressive stresses. For a
heavily reinforced structure concrete, it may fail due
to compressive stress as the direction of plastic flow
changes from α > αo to α < a. in order to minimize the
energy dissipation in shear reinforcement.
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2.3 Shear Strength of Reinforced Concrete Brackets
A direct application of the theory developed in this
research is to predict the shear strength of bracket.
Brackets are designed to transfer vertical load to columns.
They are very short in span and high in depth. They behave
like deep cantilever beams under vertical load. Therefore,
the shear strength analysis of such structures is of the
first priority in the design routine.
Figure 2.3.1 Typical Shear Failure of Reinforced
Concrete Brackets
A reinforced concrete bracket is illustrated in
Figure 2.3.1. Several horizontal reinforcing bars are
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placed near the top surface of the bracket to carry the
tension caused by bending.
A bracket shall not use the vertical shear
reinforcement. This is because potential vertical
cracks may eliminate the effect of having vertical
reinforcement to resist shear. Use vertical shear
reinforcement in bracket design may cause serious
problems in engineering practice (See Figure 2.3.2).
Figure 2.3.2 Shear Failure in Concrete Bracket Caused
by a Conceptual Error in the Original
Design (Source: Hayden/Wegman Consulting
Engineers, NY City)
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The failure of the bracket is assumed to be caused
by the formation of a critical diagonal crack in the
Bracket. Assume the direction of the critical slip line
(diagonal crack) is 0 with respect to the vertical, and
the direction of plastic flow v forms an angle of a from
the crack. The energy dissipation rate in this failure
mechanism may be found as
where Am, is the cross-sectional area of horizontal
reinforcing bars. The rate of work done by the applied
load is
where P is the external load. Thus, the work equation
may be written as
where the reinforcing index is defined as
In order to find the lowest upper-bound solution, let
dP =0, which yields:dα
Equation 2.19 shows that P is a function of a and
f3; thus, the lowest value shall be determined by letting
dP 	 dP—=0 and —=0. However these two simultaneousdα 	 d13
equations will not lead to an explicit formulation of
the problem.
In order to find an explicit equation to predict
the ultimate shear strength of a bracket, a numerical
analysis method is used. By varying 0 from 0 to 90°, a
series values of a and P may be found through Equations
2.19 and 2.21. The minimum P in this series values of
P's must satisfy the equation of dP/dβ=0. Thus, this dfβ
minimum value of P may be considered as the lowest upper
bound solution since it satisfies both  dP/dα =0 and dP/dβ =0.da 	 dP
The 0 corresponding to the lowest upper-bound is
found to be a function of reinforcing index Ψh.
Regression of the results from numerical analysis shows
13 predicted by the above equation is expected to have an
accuracy better than 0.5%. Figure 2.3.3 shows the
comparison between the "exact" solution from numerical
analysis and the one predicted by Equation 2.24.
Test results from about one hundred specimens
reported in the literature were analyzed using the
proposed formula. The concrete strength of these
specimens varies from 2000 psi to 5000 psi, and the
reinforcement ratio varies from 0.32% to 2.7%. The
comparison of the measured and predicted ultimate
strength ratio has an average of 0.973 and standard
deviation of 0.130. Details of the specimens and
analysis are listed in Chapter 5.
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Figure 2.3.3 Comparison Between "Exact" and Approximate
Solutions
CHAPTER 3
SHEAR STRENGTH OF REINFORCED CONCRETE DEEP BEAMS
3.1 Introduction
Designs of reinforced concrete deep beams are usually
controlled by shear strength. For past decades, many
theoretical and empirical researches have been conducted
on predicting the shear strength of reinforced concrete
deep beams (Klingroth 1942, De Paiva and Siess 1965,
Zsutty 1971, Nielsen 1971, Smith & Fereig 1974, Mau &
Hsu 1987). Several empirical studies reveled some of
the important results and provided deeper understanding
of the problem. However, theoretical researches on this
topic were more or less limited because of the
complexity of the problem. Developments on
computational analysis technology provide possibilities
of performing very detailed nonlinear finite element
analysis. However, with its case-by-case fashion, the
finite element analysis is too expensive to perform as a
regular design routine. Closed form solutions are
always desirable in engineering practice.
Theoretical analysis of the shear strength of deep
beams is not yet well developed yet. Most of the
formulas to predict shear strength of deep beams in
design codes adopted by different countries and academic
institutes are empirical. It is of utmost importance to
48
49
provide these formulas with an analytical interpretation
and necessary improvement.
The perfect or ideal plasticity concept has been
used recently to find reinforced concrete problems in
Denmark, Switzerland, USA and China for the past decades
(Nielsen 1961, 1971, 1984, Nielsen et al 1978, Marti
1980, Chen 1982, Jiang & Shen 1986), and it shows a high
potential for solving the problem of shear strength of
reinforced concrete deep beams. In the following
sections, the upper-bound method is used to find the
ultimate shear strength of concrete deep beams with
horizontal and vertical reinforcements. Tests results
published in the literature are used to verify the
proposed formulas.
3.2 Upper-Bound Solution for Reinforced concrete Deep Beams
Consider a simply supported reinforced concrete deep
beam which is shown in Figure 3.2.1 with both horizontal
and vertical web reinforcements of ratios p h and ρv. A
critical inclined crack (yield line) occurs under the
external load P. The direction of the yield line is 0
with respect to the vertical axis. The plastic flow on
the slip line forms an angle of α with respect to the
yield line (see Figure 3.2.2). In this case, the energy
dissipation along the crack or yield line can be written
as
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The total energy dissipation along the yield line
contains three parts, they are the contributions from
concrete D, horizontal web reinforcement D sh, and
vertical web reinforcement D,, respectively. According
to the energy dissipation formula developed in Chapter
one, the contribution of concrete can be written as
where a plane stress condition is assumed.
Figure 3.2.1 Geometry of Reinforced Concrete Deep Beam
By considering the deformation of the
reinforcements in horizontal and vertical directions,
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the energy dissipation of reinforcements can be written
as,
Figure 3.2.2 Failure Mechanism of Deep Beam
where, A, and Ash are the cross-sectional areas of
vertical and horizontal reinforcements; S, and Sh are the
vertical and horizontal spacings of the reinforcement
net as indicated in Figure 3.2.1; fvy and fhy are the
yield strengths of the reinforcing bars; and v is the
rate of displacement.
The rate of work done by the external load is:
The work equation can be written as
which leads to
where Ψv and Ψh are reinforcement indexes in horizontal
and vertical directions.
The lowest upper-bound solution in this case can be
written as
This is a typical optimal problem. Thus, the necessary
condition for(α,β) to be the abscissa of the optimum is
that
Substituting Equation 3.7 into Equations 3.10 and
3.11, the critical (stationary) point (a,13) may be found
by solving the following non-linear simultaneous
equations
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and
In case of α<α o , the abscissa α and 0 of the
optimum must satisfy the following
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As illustrated in Figure 3.2.2, α should be greater
than or equal to f3, otherwise the horizontal web
reinforcement in the deep beam will be in compression
rather than in tension under shear.
3.3 Numerical Solution
The above analysis provides a possibility of solving the
problem mathematically. However, the solution for a
stationary point (a,() may not be explicit. A feasible
approach to this problem is to use numerical methods.
Different numerical methods are available for solving
this kind of problem, such as, Newton-Raphson
approximation and different search techniques for linear
and nonlinear systems (Spillers, 1975) (Stark and
Nicholls, 1972)
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In this investigation, a short FORTRAN program was
written to search for the lowest upper-bound solution
directly. The algorithm of the program is simple and
straight forward: by varying 0 from zero to 45 ° , find
the stationary points of α with Equations 3.14 and 3.15
using the chosen value of 0. Different P's may be found
using Equation 3.7 with the chosen values of α and f3.
The lowest upper-bound solution may be obtained by
sorting out the minimum value of P in accordance with
the given value of R. This minimum value of P may be
considered as the "exact" solution of the problem sinceP/ β
 and P/α vanish simultaneously at that point. The
accuracy of this approach solely depends on the
increment of 0 used.
The numerical solution is expected to form rather
smooth continuous curves since the abscissa of optimum
itself must be continuous, at least within certain
limits. Therefore, regression of the numerical solution
may lead to an approximate solution.
By fitting the data from numerical analysis, the
stationary point of f3 may be found as a function of the
vertical and horizontal reinforcement indexes:
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The lowest upper bound solution predicted by using
the above 0 value is accurate for all practical
purposes. The error in this method is less than 1%.
3.4 Discussions of Solution
In case that a deep beams is not equally reinforced in
the horizontal and vertical directions, the
reinforcement in the stronger direction may not yield.
In such cases, the reinforcement in the stronger
direction will not have energy dissipation. Its
structural function is not to dissipate energy, but to
supply a constraint to the concrete in that direction,
and thus to increase the strength of concrete. In this
case, the work equation derived in the above section may
be simplified. Explicit solutions are available in such
cases.
CASE I. Longitudinal Shear Reinforcement Is Over Reinforced
In this case the horizontal reinforcement may not yield
at the time of failure. Therefore, the plastic energy
dissipation by the horizontal reinforcement shall be
equal to zero, or in terms of plastic flow,
The work equation becomes
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The lowest upper bound solution may be found as follows:
By comparing Equations 3.21 and 3.12, explicit
conditions for horizontally over-reinforced deep beams
may be derived by comparing Equations 3.21 and 3.12. In
the case of α < αo , or Ψv < 2 K, the direction of plastic
flow is
according to Equation 3.12. Rearranging Equation 3.22,
one has,
The critical horizontal reinforcement index may be found
by letting Equation 3.22 equal to Equation 3.21, that is
where W is the critical horizontal reinforcing index.
Deep beams with higher horizontal reinforcement index
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should be considered as over-reinforced in horizontal
direction, and their horizontal reinforcement will not
yield at the time of failure.
A similar approach may be used in order to find the
critical horizontal reinforcing index in the case of
Ψv > 2 K. Notice that α = 0 when a deep beam is over-
reinforced, thus Equation 3.14 may be re-written as
Since Ch and tanα are non-negtive, the only solution of
the above equation is that C h is equal to zero, or \4J is
equal to m/2 according to Equation 3.16.
The above analyses yield the following conclusion:
the horizontal reinforcement will not contribute to the
plastic energy dissipation when it is greater than or
equal to either Ψv+2K or m12. In these cases, the
simplified solution of Equation 3.20 may be applied to
compute the ultimate shear strength of reinforced
concrete deep beams.
CASE II. Vertical Stirrup Is Over Reinforced
In this case, the vertical reinforcement may not yield,
implying that it has no contribution to the plastic
energy dissipation; whence
If 0=0, the work equation becomes
which gives the lowest upper bound solution as follows
The displacement vector angle is determined by,
• Effective Strength Factor For Deep Beams
As mentioned in Chapter One, the effective strength of
concrete in the above equations shall be modified in
order to reflect the changes in ductility of concrete
under different hydrostatic pressures. In the case of
deep beams subjected to shear, the hydrostatic pressure
varies according to the shear span ratio.
Smaller shear span ratios indicate that the
concrete material within the shear span is more likely
subjected to higher negative compressive stresses than
that with larger shear span ratios. In terms of the
theory of plasticity, larger compressive stresses means
higher negative hydrostatic pressure, or smaller first
stress invariant I I , and thus higher ductility.
Consequently, the effective strength of concrete to be
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used in the above computation shall be modified with a
factor v s to indicate this effect. The factor of v s is
referred to as structural factor of plasticity. Combined
with the material factor of plasticity v c , the effective
strength of concrete may be found as
Unfortunately, due to the complexity of the
problem, there is not an analytical solution available
for this proposed v s in general. Statistical analysis
is the only practical approach to this problem, and it
shows that for deep beams v s can be expressed as
follows:
where X is the shear span ratio which can be expressed
as 01 in Figure 3.3.1.
Equation 3.32 will be used in the following
analysis of existing test data reported in the past to
verify the proposed formulation.
A total of 64 test specimens reported by Mau and
Hsu(1989) are used herein to verify the present
theoretical solution. The average of the ratio between
the testing data and the predicted ultimate strength is
1.02, and the standard deviation is 0.130. Details of
comparison are shown in Chapter 5.
Chapter 4
ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS
SUBJECTED TO PURE TORSION
4.1 Introduction
In the previous chapters, two-dimensional problems are
discussed using the theory of plasticity in reinforced
concrete structures. Basic theorems such as failure
criterion of concrete, energy dissipation in unit length
of a yield line, and coefficient of plasticity of
concrete are developed, and they are proved to be
effective in solving the two dimensional problems in
reinforced concrete structures. Hereafter, these
theorems and concepts will be applied to the problem of
torsional strength of reinforced concrete beams.
As a three-dimensional problem, practice of the
proposed limit analysis method may extend its application,
and therefore, show the effectiveness and theoretical
significance of the proposed theory.
As a general case in the theory of plasticity,
solving of three-dimensional problems requires a precise
three-dimensional yield surface in a stress-space. And
also, a generalized energy dissipation rate over a unit
yield surface is required to compute the energy
dissipation rate.
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For the problem of torsional strength of reinforced
concrete beams with free ends, the formula of energy
dissipation rate derived in Chapter One is still
applicable. However, the failure surface discussed in
Chapter One shall be modified in solving three-
dimensional problems in general. As an exception, this
failure criterion may be used in plane strain and
symmetrical problems with simple modifications(Jiang and
Shen, 1987, Wang, et. al., 1992)
Two different approaches have been used in the past
for the problem of torsional strength of reinforced
concrete beams. One is the so-called space truss theory
and another is the skew bending theory.
The space truss model was first proposed by Raush
in 1929. It became the basic formula to calculate the
torsional strength of reinforced concrete structural
members. However, this model was considered as over-
conservative, especially for under-reinforced
members (Hsu, 1968a and 1968b).
The space truss model has undergone two major
developments. First, the introduction of the variable-
angle truss model and the discovery of the bending
phenomenon in the diagonal concrete struts were
developed by Lampert and Thurlimann (1968, 1969). In
the early 70's, the compatibility equations derived by
Collins (1973) made it possible to determine the angle
of concrete struts. Second, the softening concept was
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introduced to concrete materials by Vecchio and Collins
(1981). Hsu (1988) combined equilibrium, compatibility
and softening strain-stress relation together, and
proposed a so-called softening truss theory to solve the
torsional strength of reinforced concrete members.
The skew bending model was first proposed by Lessig
and Yudin(Lessig, 1958, Yudin,1962). By a assuming a
unique yield surface, their theory is capable of
explaining some of the observed phenomena that can not
be clarified with classical theories (Hsu, 1968b).
However, the failure surface proposed in their theory is
much more complicated and is not easy to apply. And
also, this theory is more likely to over-estimate the
ultimate torsional strength. A simplified version of
this theory was proposed by Hsu in 1968(Hsu, 1968b) and
it was proved to be able to give more promising results.
A new approach to finding the torsional strength of
concrete torsional member is proposed here using the
limit analysis method. This method is consistent with
the previous chapters, and therefore, the formulation
for a torsional member will enhance the applicability of
the proposed limit analysis method.
4.2 Torsional Strength of Reinforced Concrete Beams
Torsional failure of reinforced concrete structures may
be classified as a special case in the shear failure
category. In case of pure torsion, shear stresses will
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be developed in the member to resist the external
torque. The application of the theory of plasticity may
successfully lead to analytical solutions of ultimate
torsional strength of prismatic elements made of
homogeneous and isotropic materials. Known as the sand-
heap analogy(Sadowsky, 1949), this method is based upon
the theory of plasticity, and has been proved to be
effective for estimating the ultimate torsional strength
of metal elements. However, the same approach for
structures of reinforced cementitious composites seems
to be less promising.
A limit analysis approach based on the upper-bound
method is presented in the following sections. The
analytical results agree well with the experimental
result reported in the literature (see Chapter 5).
4.2.1. Failure Mechanism And Energy Dissipation
Consider a prismatic square reinforced concrete beam
subjected to pure torsion as shown in Figure 4.2.1 . A
possible failure mechanism is assumed as illustrated in
the figure. Let 0 be the twisting angle, and v be the
plastic flow rate, thus
Denote dA as the differential area of the yield
surface, or
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where x is the distance between the centroid of the
section and the differential area. The assumed failure
mechanism and the plastic flow field as specified above
lead to the following equations for computing the
corresponding energy dissipation rate on the yield
surface
The total energy dissipated in the surface of
discontinuity may be found through the integration of
Equations 4.3 and 4.4, which leads to
Figure 4.2.1 Square Reinforced Concrete Torsional
Member
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For a reinforced concrete torsional element, its
reinforcement also dissipates energy at the time of
yielding. The energy dissipated by reinforcing bars
located on one side of the section may be written as
By counting all reinforcing bars on the section in
question, the total energy dissipated by the steel may
be represented in the form of
where
A c =a 2c , is the core sectional area;
R0 = As i and ps,= A--a. are reinforcement ratioes;
ac is the length of one side of the core section,
Ast are cross-sectional areas of a single
longitudinal or transverse reinforcing bars, and
are the corresponding yield strengths of
longitudinal and transverse rebars.
Thus, the total energy dissipation rate for a
reinforced torsional concrete member may be found as
Here, a and ac are the gross and core lengths of the
section in question.
Note that the first term in Equation 4.7 is the
contribution from the concrete material, and second term
66
is from the reinforcement in both longitudinal and
transverse directions. Also, fta3/6 is the fully-plastic
torsional strength of a square beam made of Von Mises or
Tresca material.
The same analogy may apply to the rectangular
reinforced concrete torsional members. The failure
mechanism of the square member is slightly different
from the rectangular ones in the formation of a
permissible plastic flow (see Figure 4.2.2).
Figure 4.2.2 Failure Mechanics of Rectangular Reinforced
Concrete Beams
The corresponding energy dissipation rate for
rectangular reinforced concrete torsional members is
where a, and b e are the width and depth of the core
section (bc ac).
The work done by the external torque T is
Thus, the work equation yields
and
Define longitudinal and transverse reinforcing indexes
and
Where 1 1, is the plastic torsional inertia which is a 2(3b-
a)/12 for a rectangular section. The lowest upper-bound
solution may be found by letting
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or
which leads to
The same approach may be applied to the case of
which yields
and
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Figure 4.2.3 Numerical Method for Lowest Upper-Bound
Solution
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It is also necessary to set up the equation of dT/dβ.
However, this equation does not lead to an explicit closed
form solution for 0. In practice, the a values found from
Equations 4.16 and 18 actually define a valley of the
surface defined by Equations 4.9 and 4.11 (see Figure
4.2.3).
Thus, by changing the value of 0 from 0 to 90 0 with a
small increment, a series of a may be found with Equations
4.16 and 4.18. The minimum value of the T corresponding to
the a and 0 are the desired lowest upper-bound solution.
Figure 4.2.4 Ultimate Torsional Strength of Reinforced
Concrete Beams (2D)
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Numerical analysis shows that the direction of
plastic flow depends on the difference of longitudinal
and transverse reinforcement indexes as well as their
absolute values. A larger reinforcement index will
yield a smaller component of plastic flow in its
direction. As a matter of fact, the reinforcing bars in
a over-reinforced direction will not yield during the
course of loading. In such a case, the failure of the
element may be caused by either yielding of the
reinforcement on the other direction or the crushing of
concrete under biaxial compressive stresses.
Figure 4.2.5 Ultimate Torsional Strength of Reinforced
Concrete Beams (3D)
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To attain the contribution from the longitudinal
reinforcement, the direction of plastic flow α shall be
larger than 13, or the direction of the inclined yield line
with respect to the vertical axis (see Figure 4.2.1 and
4.2.2). The assumption of having a larger 13 in comparison
to α indicates that a longitudinal bar shall never be
subjected to compressive stress.
Based on the work equation and the constraint of the
direction of plastic flow, a numerical analysis was
performed using the methods mention previously and MathCAD,
an integrated mathematical utility software. The result is
illustrated in Figure 4.2.4.
The result of the ultimate strength of reinforced
concrete beams is also presented in a three dimensional
space as shown in Figure 4.2.5.
4.3 Discussions of Solution
It is important to realize that the concrete material in a
torsional member fails due to shear under most
circumstances. This phenomenon can be found by comparing
the direction of the plastic flow in the member with the
critical value of α 0 . The direction of plastic flow a is
found to be a function of the reinforcement indexes Ψst and
Ψsl (see Figure 4.3.1).
Results shown in Figure 4.3.1 indicate that the
failures of a properly reinforced concrete torsional member
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are caused by the yielding of reinforcement and shear
failure of the concrete.
The lowest upper-bound solution, therefore, may be
divided into four areas in accordance with directions of the
plastic flow and the yield line.
Figure 4.3.1 Directions of Plastic Flow and Yield Line vs.
Reinforcement Indexes
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Area I presents the load resisting characteristics of
properly reinforced concrete members. For beams located in
this area, the directions of plastic flow and yield lines
are non-zero and unequal, thus their reinforcing bars in
both longitudinal and transverse directions may yield at the
time of failure.
Area II is designated to the members with over-
reinforcement in longitudinal direction. The longitudinal
reinforcement in these members will not yield during the
course of failure. In terms of directions of plastic flow
and yield lines, members located in this area will have the
same value of a and p.
Area III is designated to the members with
overreinforcement in transverse direction. A vertical yield
line will be developed to avoid any plastic energy
dissipation in transverse direction. It is because the
steels will not yield in this direction.
Area IV indicates the cases that members are over-
reinforced in both transverse and longitudinal directions.
In such a case, both a and p are zero since the
reinforcements in neither directions yields. The members
located in this area shall have the maximum normalized
m
strength as indicated in figure 4.2.3 and 4.2.4 of --O n .2 	 p
.As mentioned in the above discussions, these areas are
directly influenced by the amount of reinforcements in
longitudinal and transverse directions, or the confinement
in both longitudinal and transverse directions. The
analysis shows the following boundaries for these areas:
For Area I:
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Figure 4.3.2 Directions of Plastic Flow vs. Reinforcement
Indexes
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The torsional strength of reinforced concrete members
may be found by using numerical analysis methods. Figure
4.2.4 shows the nominal torsion strength vs. reinforcing
indexes. It indicates that the torsional strength of a
plain reinforced concrete member is about 1540 p , which is
approximately equal to 0.32ft*a2b for a rectangular section
with b to a ratio of 2:1. The coefficient varies from 0.257
to 0.38 for different b to a ratios. According to ACID, this
coefficient is said to have an average value of 0.3 for
sections with various b to a ratios (ACID, 1989).
The solution also shows that a reinforced concrete
member has a peak torsional strength of mft*Ip/2 or f c*Ip/2
regardless of the values of reinforcement indexes exceeding
the maximum value of n1/2. This result is consistent with
the previous results for shear transfer, deep beams and
brackets. Therefore, m/2 may be considered as a unified
criterion to determine the maiximum reinforcement ratio of
reinfroced cocnrete structures.
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Figure 4.3.3 Directions of Yield Line vs. Reinforcement
Indexes
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4.4. Simplified Solution for Longitudinally Constrained Members
In engineering practice, a torsional member is always
designed with additional longitudinal reinforcing bars
to withstand the bending moment which may apply to the
member. Thus, from the viewpoint of resisting torque,
the member is most likely to be over-reinforced in the
longitudinal direction. Therefore, the longitudinal
reinforcement may not yield or just at the point of
yielding at the time of failure. In terms of plastic
flow, these members are constrained longitudinally. In
such a case, the directions of plastic flow and the
yield line may have the following relation:
Thus, the previous solution may be simplified as
and
The corresponding lowest upper-bound solution may be
found as
where Ip =a2 (3b-a)/12 is the torsional plastics modulus of
the section.
This solution may fall back to the classical
plastic solution for torsional problems. Well-known as
the "send heap analogy" (Sadowsky, 1949), the classical
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approach to the torsional strength of a rectangular
section leads to the following solution
where
von Mises failure criterion
Tresca failure criterion
The failure criterion used in this research may be
referred to as a modified Coulomb criterion. The
Coulomb criterion will become the Tresca criterion if
the internal friction angle is zero (see Figure 1.3.3).
Thus, the derived equation is expected to have the
similar format as the classical solution. Indeed, as a
matter of fact, the proposed formulation in this
research may be considered as the factored classical
solution to consider the properties of concrete and the
reinforcing indexes as shown in Equation 4.26. The
formulas derived in this chapter may be considered as
the theorical solution for torsional strength of
structural members made of reinforced cementitious
composites.
Section 4 of Chapter 5 shows the comparison of the
proposed formula with 39 experimental results reported
by Hsu (1968b). The average value of the measured to
predicted strength ratio is 0.98, and its standard
deviation is 0.09.
CHAPTER 5
EMPIRICAL STUDY AND VERIFICATION OF PROPOSED SHEAR
STRENGTH FORMULAS FOR REINFROCED COCNRETE STRUCTURES
Experimental results from the author's tests and several
other test results are analyzed herewith to verify the
proposed formulas from the limit analysis method. These
test data include shear transfer, shear strengths of
brackets and deep beams, as well as the torsional
strengths of reinforced concrete rectangular beams. The
comparison between the measured and the predicted
strength of these members show that the proposed
formulas have an acceptable accuracy and may be used for
design purposes.
5.1 Empirical Study and Verification of Analytical Strength Formula
for Shear Transfer
As a part of the fundamental study of this research, the
experiment of reinforced concrete shear transfer was
conducted to study its shear resistant behavior. And
also, the test results are used here to verify the
theoretical formula by the limit analysis proposed in
Chapter 2.
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5.1.1 Design of Specimens
Four different groups of specimens were used in the
experiment. They are:
1. Group DO. Plain concrete without reinforcement;
2. Group D4. Reinforced concrete with shear reinforcing
bars of d=4mm by 70mm ( reinforcement ratio 	 0.21%);
3. Group D6.5 Reinforced concrete with shear
reinforcing bars of d=6.5mmby 70mm (reinforcement ratio ~
0.56%);
4. Group D8. Reinforced concrete with shear reinforcing
bars of d=8mm by 70mm (reinforcement ratio 	 0.77%).
To prevent the potential size effect, these
specimens were designed to have the dimensions similar
to those used in the engineering practice. The maximum
size of coarse aggregate is less than 0.6 in. The
overall shear resisting area has a nominal dimension of
16x24(cm2 ) (6.3x9.45 sq. in.). Two notches were designed
in order to assure a vertical yield (slip) line. This
simple failure mechanism is exactly the same as the one
being used in the limit analysis presented in Chapter 2.
Thus, the proposed upper-bound solution may be
considered to be an exact solution for a shear transfer
of this kind.
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5.1.2 Material Properties
Concrete Mix Design
The content of cement and fine aggregates of the mix
design in this investigation were higher than that of
normal concrete. Its maximum size of coarse aggregates
is less than 15mm ( 0.6 in) in order to improve the
workability, as well as the quality of the specimens.
The same mix design was also used in the other
investigations on the shear strength of fiber reinforced
concrete shear transfer so that the results from the two
studies are compatible (Wang, 1988).
Materials used per cubic meter concrete are (in
Kg):
The water cement ratio for the concrete was 0.6.
The compressive strength of the concrete was 15.73
MPa (2280 psi). The tensile strength of the concrete
was measured by the splitting test.
The setup of the splitting test is shown in Figure
5.1.1. This setup allows the splitting specimen to have
a similar failure mechanics of push-off shear transfer.
Thus for plain concrete, the ultimate splitting strength
may be found as
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where, P is the applied ultimate load, a is the length
of each side of the cubic specimen, and K is a material
constant which is defined by Equation 1.40. Equation 5.1
may be written in a short form of
Figure 5.1.1 Splitting Test Setup for concrete Material
where
K s descends as the compressive strength of concrete
increases (See Figure 5.1.2).
Figure 5.1.2 shows the equivalent tensile strength
of concrete decreases as the compressive strength
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increases. The measured equivalent tensile strength for
the concrete used in this investigation was 1.204 MPa
(174.58 psi).
Figure 5.1.2 k s vs. fc'
Strength of reinforcing bars
Three different types of reinforcing bars were used in
the test. They have strength of 484.1 MPa (71.3 ksi),
220.61 MPa (32.2 ksi), and 231.7 MPa (34.1 ksi),
respectively.
5.1.3 Test Results and Comparisons
A systematic difference was found in comparison between
the measured and the predicted ultimate shear strength.
For plain or slightly reinforced push-off shear transfer
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specimen, the predicted ultimate shear strength is
larger than the measured ones. In contrast, for
specimens with higher reinforcement indexes, their
measured shear strengths are slightly higher than the
predicted ones. This is because that the effectiveness
factor v c mentioned in Chapter one is proposed based on
the tests on normally reinforced concrete slender beams
(Nielsen, 1978). The hydrostatic pressure of the stress
fields in these beams are most likely larger than those
in the push-off shear transfer specimens.
According to previous researches, concrete material
becomes more ductile when it is subjected to higher
hydrostatic pressures(Wang, et. al, 1992). Therefore,
the factor of plasticity for concrete shall be modified
according to the hydrostatic pressure level in a
structural element. For any structures that are
different from slender beams, their effective strengths
shall be modified by an additional factor which reflects
the hydrostatic pressure level in the material. This
factor considers the structural effects on the
plasticity of the material, and therefore, may be called
the structural factor of plasticity and denoted as v s .
In contrast, the factor v c indicates the material
effects on the ductility, and may be referred to as the
material factor of plasticity.
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For a push-off shear transfer specimen, the
effective strength of concrete may be found as
where
in which, W is the reinforcement index of the specimen.
Equation 5.5 indicates that the effective strength
of concrete is slightly less than that in reinforced
concrete beams. It increases as the shear reinforcement
index increases. The reason for a push-off shear
transfer specimen to have a lower effective strength is
due to the stress state in the specimen.
	
A push-off
shear transfer specimen is supposed to have a higher
tensile strength than a beam. In terms of the theory of
plasticity, the stress field in a shear transfer
specimen has a higher hydrostatic pressure (positive for
tensile stress). Thus, a lower effective strength shall
be used for the push-off shear transfer specimens.
As the reinforcement index increases, the
reinforcing bars may supply an additional confinement to
the concrete to increase the hydrostatic pressure level.
Due to this confined stress, the concrete material
becomes more ductile, thus, a higher effective strength
of concrete may be used in the analysis. This effect
can be clearly seen from Equation 5.5.
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Table 5.1.1 in Appendix A shows the comparison
between the measured and the predicted shear strengths
of push-off shear transfers. Statistical analysis shows
that the predicted shear strength matches the measured
strength with a good accuracy.
The mean value of the ratios between the measured
and predicted shear strengths is 0.985 and the
corresponding standard deviation is 0.07. The errors of
the majority of predicted shear strengths are less than
±15% in comparison to the test results. (see Figure
5.1.3) The results are based om the analyses of 34
experimental results, of which 12 were tested by the
author and the rest of them were collected by Hsu et. al
(1986).
Figure 5.1.3 Comparison Between Measured and Predicted
Shear Strengths of Push-off Shear Transfer
Specimen
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5.2 Brackets
Brackets or corbels are widely used in precast or
prestressed concrete structures. They are used as beam
seats in buildings and bridges. Shear failures are most
common cases among these types of elements.
Theoretical analysis in Chapters 2 leads to an
explicit formula for the ultimate shear strength of
brackets. Also several test results were gathered by
the Shear Strength Committee at the Chinese Institute of
Building Technology. These data were initially
collected for verifying the proposed articles for the
shear strength design in the 1986 edition of the Chinese
Reinforced Concrete Building Code. The test data
included the experimental results from about 100
specimens that were tested in China and U.S.A. These
data are carefully chosen for present study and they are
believed to have a good reliability.
The concrete strength of these specimens varies
from 15 MPa (2000 psi) to 45 MPa (5000 psi) and the
reinforcement ratio varies from 0.32% to 2.70%. Thus,
these test data covers a wide range both in terms of
concrete strength and reinforcement ratio. Table 5.2.1
in Appendix A shows the list of the material properties
of the specimens and Table 5.2.2 in Appendix A gives the
analysis results and the comparison with the measured
ultimate shear strength.
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The so called structural factor of plasticity for
brackets was found to be equal to
where X is the shear span ratio.
Figure 5.2.1 shows the ratio between the measured
and predicted ultimate shear strengths of reinforced
concrete brackets and/or corbels without considering the
structural factor of plasticity. Figure 5.2.2 shows the
result after considering the structural factor of
plasticity.
Figure 5.2.1 Comparison of Measured and Predicted Shear
Strengths of Brackets (without v s )
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Figure 5.2.1 clearly shows a consistent decrease of
the measured nominal shear strength as the shear span
ratio increases. Physically, the shear span ratio
indicates the tensile stress level in a reinforced
concrete beam. Higher shear span ratio means a higher
tensile stress, thus, higher positive hydrostatic
pressure value. In this case, the concrete material
behaves more brittle and the proposed structural factor
of plasticity, therefore, is a decreasing function of
the shear span ratio.
Figure 5.2.2 Comparison of Measured and Predicted Shear
Strengths of Brackets. ( with v 5 )
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The ratios between the measured and predicted
ultimate shear strengths of brackets yield an average
value of 0.973 and a standard deviation of 0.130.
5.3 Shear Strength of Deep Beams
A total of 64 test specimens reported by Mau and
Hsu(1989) are used here to verify the present
theoretical solution. These data were originally
reported by Smith and Vantsiotis(1982), Kong, Robins and
Cole (1970) , and De Paiva and Siess(1965). The above test
data were selected due to the following reasons:
1) The specimens must fail in web shear mode, not in
bearing or flexural modes;
2) the test specimens must contain at least a minimum
amount of transverse web reinforcement specified in
the ACID Code(1989) to render the truss model
applicable;
3) the span—depth ratio a/h must be less than 2; and
4) the specimens must be simply supported.
Table 5.3.1 in Appendix A shows the material
properties and dimensions of the specimens used in this
investigation. Details of computation and the
comparison of measured and predicted ultimate shear
strength are listed in the Table 5.3.2 in Appendix A.
A total of 64 specimens were used to verify the
proposed ultimate shear strength formula for reinforced
concrete deep beams. Using the ratio of predicted
91
ultimate shear strength to the measured ones as an
indicator, the comparison gives a mean value of 1.02 and
standard deviation of 0.128, respectively.
The effective strength is used to consider both
material and structural effects on the plasticity of the
concrete material. The structural factor of plasticity
is found to be equal to
where X is the shear span ratio which can be expressed
as a/h in for simply supported beams.
Figure 5.3.1 Comparison Between Measured and Predicted
Ultimate Shear Strengths of Deep Beams
As expected, the structural factor of plasticity of
deep beams is found to be a function of shear span
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ratio. Just as in brackets, this factor decreases as
the shear span increases (Wang, et. al, 1992). The
comparison between the measured and predicted ultimate
shear strengths of 64 Specimens is illustrated in Figure
5.3.1. Details of the specimens and calculations are
listed in Table 5.3.1 in Appendix A.
5.4 Torsional Strength
About 40 test results from previous empirical study
conducted at the University of Houston are used to
verify the proposed ultimate torsional strength of
reinforced concrete beams (Hsu, 1968b). A typical
specimen is shown in Figure 5.4.1.
The length of all beams was 122 in. A length of 14
inch at each end of the beam was threaded into the
clamping head of the test rig, through which the
torsional moments were applied. The clear span
subjected to torsion was 96 in. to avoid local failure
close to the clamping heads due to stress concentration,
a length of 25 in. at each end of the beams was
reinforced with bout 30% additional stirrups. Details of
each beam series are shown in Fig 5.4.1.
As shown in Figure 5.4.1, the beams of series S
were hollow. However, a length of 14 in. at each end of
the beams was solid to prevent crushing of the wall from
the clamping heads of the test rig.
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Figure 5.4.1 Typical Torsional Specimen
All reinforcements were intermediate grade deformed
bars having yield strengths from 45 ksi to 52 ksi as
listed in Table 5.4.1 in Appendix A.
The reinforcing cages for the beams usually
consisted of four longitudinal corner bars and closed
stirrups tied together by soft steel wire. However,
several beams in the Group G and M were added two
additional longitudinal reinforcing bars. Details of
reinforcing of each beam are listed in Table 5.4.1 in
Appendix A.
Concrete mixture used in the test was 1:3.5:4
(Cement:Sand:Coarse Aggregate) and had an average
compressive strength of 4000 psi.
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Figure 5.4.2 Comparison of Measured and Predicted
Torsional Strengths of Reinforced Concrete
(Without v s )
All specimens were cured for four days under
polyethylene sheets in the forms and then stripped and
stored at 70F and 50 percent relative humidity until
tested at the age of 11 to 14 days. Strengths of the
concrete are listed in Table 5.4.1.
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Torsional beams were tested in especially designed
torsion test rig. The measured ultimate torsional
strengths are listed in Table. 5.4.2 in Appendix A.
Comparison between the measured and the predicted
ultimate torsional strengths is listed in Table 5.4.2 in
Appendix A. Figure 5.4.2 shows the ratio between the
measured and predicted torsional strengths vs. the
longitudinal reinforcement index.
A consistent increase of this ratio within the
range of 0<''s1<4 is observed, because the effective
strength of concrete is assumed to be constant in the
computation. As a matter of fact, the effective
strength of concrete is expected to vary in accordance
with the level of the hydrostatic pressure. A lower
longitudinal reinforcement index yields less constraint.
Thus, concrete may have a tendency to be subjected to a
higher tensile stress and behave in a more brittle
manner.
In this case, a lower structural factor of
plasticity shall be used to reflect this fact. In
contrast, a higher longitudinal reinforcement index may
cause the constraint of deformation, forming a larger
hydrostatic pressure. As a result, the concrete behaves
in a more ductile manner. Higher ductility means higher
effective strength. In this research, the structural
factor of plasticity for torsional member is found to be
vs =0.94-0A 6 41,1	5 . 8
96
where Ψsl is the index of longitudinal reinforcement.
Figures 5.4.2 and 5.4.3 show the comparison of the
observed and predicted ultimate torques with and without
considering the structural factor of plasticity v s .
Details of the specimens and the computation are listed
in the Tables 5.4.1 and 5.4.2 in Appendix A.
Figure 5.4.3 Comparison of Measured and Predicted
Torsional Strengths of Reinforced Concrete
(With v0
PART II
CHAPTER 6
THE J INTEGRAL FOR NONLINEAR ELASTIC-PLASTIC MATERIAL
Part One of this dissertation discussed the failure of
reinforced concrete shear elements using the theory of
plasticity. The basic concept is based on the ductile
failure of reinforced concrete structures under normal
service conditions in bridges and buildings. However, due
to the development of new materials and design methods,
the usage of reinforced and/or prestressed concrete
floating marine structures, storage tanks, nuclear vessel
containments and other special structures have become
increasingly common. Because these structures are
subjected to the hazardous environment and high stress
levels that traditional reinforced structures may never
experience, increasing attention has been paid to studying
new structural and material properties.
Similar to the evolving of analyses and design
methods of metallic structures, the effect of having
unstable local failure on global behavior of reinforced
concrete structures became a major issue in the past
decade. In the 40's of this century, the application of
high strength steels initiated various structural
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failures. These failure were caused by the nonhomogeneity
of the material and the damage caused by local yielding
and/or crack. These local failures may cause sudden
release of the energy stored in the rest part of the
highly stressed structures. As the energy-release rate
exceeds the value that a newly developed damage area can
dissipate, a sudden failure will occur in the structure.
Studies of this type of failure develope a new are in
research, and it is known as fracture mechanics.
The development of fracture mechanics makes the
applications of new high strength materials possible.
Profound understanding of the nature of fracture in
existing materials has provides guide lines for developing
new high performance materials.
Since the 70's, the concept of fracture mechanics has
been introduced to the study of concrete structures.
Special fracture properties such as size effect,
softening, micro-cracks, and reinforcement etc. have
distinguished concrete materials from metals.
Part II of this dissertation is devoted to the study
of the fracture and fatigue crack propagation properties
of general engineering materials, including metals and
concrete.
Chapter Six gives a brief review of linear and
nonlinear fracture mechanics. The plastic and elastic
components of the J integral are proposed in this
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chapter, which enables the use of the J integral for
solving the fatigue crack propagation problem.
In Chapter Seven, a generalized process zone theory
is proposed for nonlinear materials. This generalized
process zone theory is used to study the so-called size
effect on softening materials. A brittleness index is
postulated in this chapter to characterize the ductility
of the structures. The size effect can thus be
explictly defined in terms of this brittleness factor.
An energy based damage accumulation theory is
proposed in Chapter Eight. This damage accumulation
theory may be used to solve the fatigue crack
propagation problems for general engineering materials.
In Chapter Nine, both the fatigue crack initiation
and propagation are studied using the proposed damage
accumulation theory. The predicted fatigue crack
propagation rate agrees well with the measured
experimental data. The threshold stress intensity
factor in fatigue crack propagation is obtained using
notch analysis.
Fatigue crack initiation and propagation of
concrete materials is also presented in Chapter Ten.
The proposed generalized process zone and the damage
accumulation theory are used to obtain the fatigue crack
propagation rates for concrete materials. They agree
well with the test data.
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6.1 Introduction and Brief Review of Fracture Mechanics
6.1.1 Linear Elastic Fracture Mechanics
There are two important concepts reviewed in this
section. One is the stress intensity factor, and the
other is the energy-release rate. These two concepts are
fundamental in fracture mechanics and they will be used
intensively in the following chapters throughout this
dissertation.
Figure 6.1.1 Stress Field Near a Crack Tip
The stress intensity factor represents the degree
of stress concentration near a crack tip in a linear
elastic solid. It shows the properties of the stress
localization in a cracked solid. Considering a cracked
infinite solid as shown in Figure 6.1.1, its stress
field near the crack tip may be found as (Tada, et al,
1973)
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and 1( / is the stress intensity factor for mode I fracture
problem, c is the stress field, 0 and r are the
absisscæ of the position in question in a polar
coordinate system, and 0 is the estimated error.
Fracture problems may be classified as three different
modes. They are shown in Figure 6.1.2.
Figure 6.1.2 Basic Model of Crack Tip Deformations
Equations 6.2 and 6.4 imply the following important
properties of the near-crack-tip stress field.
1. The stress field near a sharp crack has singularity
at the crack tip, and it follows the 1/ 	 rule.
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2. The approximate solutions of different elements with
varying geometry setups have the same form as shown
in Equations 6.2 and 6.4.
Different specimens have different stress intensity
factors. The so-called stress intensity factor, K, may
be defined as
The above solutions are valid if the crack is sharp
in a mathematical sense and the stress field in question
is very close to the crack tip. However, these
assumptions are hard to satisfied in engineering
practice.
Materials used in engineering practice have certain
strengths. As the stress near a sharp crack tip
increases , the nearby material yields at the instant
when the load is applied. The yielded material forms a
blunt crack tip which reduces the stress. Therefore,
from the point of view of engineering practice, the
formulation for the stress field near a blunt crack tip
may be found to be useful.
A simple and elegant solution for a deep notch in a
linear elastic solid was given by Creager (Tada, et al,
1973). His solution shows that the stress intensity
factor near a notch tip is a superposition of a p
related term and Equation 6.2 (see Figure 6.1.3)
where
p is the radius of curvature of the notch tip, and the
0(r 1 /2) is the estimated error.
Equation 6.5 may fall back to Equation 6.2 in case
of r»p. However, the singularity of the stress field
disappears when 1-p>0.
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Figure 6.1.3 Coordinate System for North Analysis
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6.1.2 Energy -Release Rate for Linear Elastic System
The energy-release rate for a linear elastic system is
defined as the released energy from the system when the
crack propagates a unit area under the applied load.
Considering a system as shown in Figure 6.1.4, the load
deflection curve changes as the crack length increases.
The increasing crack length increases the compliance of
the system. Thus the energy in the system must be
released in a certain form. The released energy is
absorbed by the newly cracked surface in linear elastic
systems if the system undergoes stable crack
propagation. The energy-release rate, therefore, may be
written as
Figure 6.1.4 Derivation of K vs. G Relationship
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for two-dimensional fracture problems, where a is the
crack length, and W is the total every of the system.
For the problem of centrally cracked linear elastic
solid, the total energy of the system is
where 2a is the crack length, and v(x,0) is the
displacement along the crack.
This is a symmetrical problem, thus, the fracture
energy-release rate is given by
The displacement, v(x,0), near a crack tip is found as
where æ and are elastic constants. The stress near a
crack tip according to Equation 6.2 is
Thus, the total energy change in the system shown in
Figure 6.1.4 is
or
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where B is the width of the specimen. According to the
definition, the energy-release rate G may be found as
follows
for plane stress
for plane strain
where E is the modulus of elasticity and v is the
Poisson ratio.
In conclusion, the energy-release rate and the
stress intensity factor are equivalent in linear
fracture mechanics.
6.1.3 Nonlinear Fracture Mechanics and the J Integral
For nonlinear fracture problems, Rice proposed a so
called J integral to study the energy-release rate for
cracked nonlinear elastic solids (Rice, 1965). This J
integral has been shown to be path-independent, and it
is identical to the energy-release rate in linear
elastic solids.
The J integral has a form of
where f is an integral path which surrounds the tip. T i
is the traction normal the integral path, 	 is the
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displacement, and ds is the differential integral path.
It begins on the lower flat notch surface and ends on
the upper flat notch surface as shown in Figure 6.1.5.
W is the strain energy density, and is given by
Figure 6.1.5 Flat Surface Notch in Two Dimensional
Deformation Field(Rice, 1968)
The J integral is valid only when the material is
nonlinear elastic and/or the system undergoes
proportional loading for nonlinear elastic plastic
materials.
Applying the J integral concept to the so-called
process zone theory (Dugdale, 1960), it yields several
crucial results that are well-known in the field of
fracture mechanics.
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Figure 6.1.6 Process zone theory by J integral
Considering a strip yield zone, namely, process
zone, ahead of a crack tip, the stress a in this process
zone is found to be a function of the separation w, or
σ=f(w). If the integral path surrounds the crack tip
and it does not pass through the process zone as
illustrated in Figure 6.1.6, the J integral may be found
as
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The separation w is solely dependent upon the position
of x in the process zone, therefore, dx=dw. Thus, theax
above integral becomes(Rice, 1968)
where wCTOD is the crack tip opening displacement.
Equation 6.17 shows that the J integral of a
cracked specimen is equal to the area under a stress-
separation curve (See Figure 6.1.6).
In the case of a constant cohesion 	 the J
integral may be presented as
In case the of small scale yielding (Rice, 1968),
Where E'=E for plane stress condition, and E'=E/(1-v 2) for
plane strain conditions.
6.2 Elastic -Plastic J Integral
The J integral has been commonly used to study the
elastic-plastic fracture mechanics problems since the
concept was proposed by Rice in 60's. The J integral is
based on the non-linear elastic theory, as mentioned by
Rice. Strictly speaking, the J integral is completely
valid only under the following two circumstances: (1)
the material is perfectly nonlinear elastic, and/or (2)
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the structure undergoes a monotonically proportional
loading if the material is elastic-plastic. The
monotonically proportional loading requires that
stresses in the whole specimen must increase
proportionally and simultaneously. Therefore, the
fatigue crack growth rate problem of an engineering
material can not be treated with the J integral theory
without proper modification. Hereof, an analysis model
is proposed to estimate the elastic and plastic parts of
the J integral in order to predict the fatigue crack
growth rate of a specimen made of engineering
materials.
Figure 6.2.1 The J Integral of a Blunt Crack in an
Elastic-Plastic Body
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Since a fatigue crack in a specimen made of
engineering materials always becomes blunt as the crack
propagates, a blunt crack shall be analyzed instead of
an ideal sharp crack. When the specimen is subjected to
loads, a process zone may be developed if the maximum
stress in front of the crack tip exceeds the maximum
local strength of the material. In such cases, the
stress distribution in front of the crack tip can be
illustrated as in Figure 6.2.1
Consider a blunt crack with a width of 2p, a length
of 2a, and a craze zone length ry . If the integral path
is chosen such that it starts from the bottom of the
crack tip and extends horizontally to the point (,—p),
then goes up to (,+ρ) , and then goes back to (a, +ρ), the
J integral is(Rice, 1968),
or in the following form (Equation 12):
where c 1 , c2 are the lower and upper boundaries of the
process zone. Also they are parts of the integral curve
in the plastic zone; 1 1 ,1 2 are the lower and upper parts
of integral curve in the elastic field; a2 is the
vertical stress in the process zone, which is known as
the closing pressure ;0. 22 is the vertical stress in the
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elastic stress field;and 14,u; are the displacements of
the points on the upper and lower parts of integral
curve.
The first part of the J integral w(x1,x2)dx2 is equal
to zero since the strain energy w(x 1 ,x2) is equal to zero
when x 1-400. The second part of the J integral can be
expressed as the sum of the plastic and the elastic
components. The plastic part reads:
Here 5 is equal to 	 and is known as the crack
opening displacement in the process zone. If the crack
opening displacement in the process zone is
approximately equal to the width of the process zone
times the average strain in the process zone εp.z., the
plastic part of J integral can also be expressed as:
2p is the width of the process zone;
tip
ec.z. is the average crack tip strain value.
The elastic component of the J integral can be
estimated by using stress intensity factor IC, of the
system. Here IC/ is the stress intensity factor of the
specimen subjected to both external loads and the
closing pressure on the process zone. The elastic
component of the J integral reads:
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where K'2/E is known as the elastic fracture energy-
release rate of the system under external loads and
closing pressure caused by the distributed cohesive
force. It is a function of notch dimension, external
load, and material properties such as the σcoh-δ relationship
in general.
Figure 6.2.2 Classical Process Zone Theory and the J
Integral
The elastic component of the J integral is
negligible in ductile engineering materials because of
the large distributed cohesive force in the process
zone. According to the classical process zone theory,
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this elastic component indeed is equal to zero since the
relative displacement u2+-u2-=0 (See Figure 6.2.2).
Thus, the J integral is found to be the sum of
elastic fracture energy-release rate and the plastic
fracture energy dissipation rate for an elastic-plastic
material, namely,
When the system undergoes unloading, the elastic
component J e will be released. However, the plastic
component 4 will be dissipated by the process zone and
causes accumulative damages in the system.
Figure 6.2.3 Stress field near a notch tip
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A similar formula was achieved by Jenq and Shah
(1985) for cementitious composites by considering the
global energy balance. The critical value in the elastic
part of the fracture energy-release rate is claimed to
be a specimen size-independent parameter in their paper.
The partition of the J integral into elastic and plastic
components has been suggested for metals by Jones et al.
(1974) and Weertman (1978). An equation similar to
Equation 6.14 was proposed by Bazant(1985) for concrete
structures based on crack band theory.
	 When a system
undergoes small scale yielding, the elastic component of
the J integral may be estimated by means of notch
analysis. For a given notch shown in Figure 6.2.3, its
stress intensity value will be (Rice, 1968):
Equation 6.27 shows the case of a semicircular tip for
which rt(φ)=rt, a constant. If the maximum stress Amax is
less than the yield strength of the material, the J
integral contains only the elastic component and equals
K 2 /E or (1-v 2 )K 2 /E in the plane stress and plane strain
conditions, respectively.
If the maximum stress caused by the external load
exceeds its local yield strength, a process zone will be
developed as mentioned previously. The corresponding J
integral will be the sum of both the elastic and plastic
components. The maximum value of the elastic component
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will be approximately equal to σy 	 8/15rt,, where a y is the15
average local yielding stress in front of the crack tip,
rt is the radius at the noth tip. The average local
strength of material is a function of mean grain size
when the yield zone is relatively small and compatible
to the mean grain size according to a number of the
earlier works of 1950's and 60's. A comprehensive
review of the works of that period was given by Bement
et. al(1971). If a large scale yielding occurs, then
the average yield strength of the material within the
yielding zone will mainly depend upon the overall yield
strength of the material, the size of process zone and
loading condition simultaneously. An approximate method
to estimate the average local strength during large
scale yielding can be established by Weibull's risk
theory (1939). Using Equation 6.26, the irreversible
plastic part of the J integral can be stated as:
where J is the total fracture energy-release rate, and r t
is the radius at the notch tip.
This plastic component of the J integral will be
used as a damage parameter to predict the fatigue crack
growth rate in the following chapters of this
dissertation.
CHAPTER 7
GENERALIZED PROCESS ZONE THEORY
7.1 Introduction
A highly stressed reversible process zone can be formed
ahead of the crack tip for a specimen subjected to
periodic loading. The size of this cyclic process zone
may be estimated as if it were subjected to a monotonic
loading assuming that the hardening of the material is
isotropic. The equivalent strength used in the
calculation should be 26 y instead of a y (Rice, 1966)
(see Figure 7.1.1). According to the damage
accumulation theory proposed in Chapter 8, the material
in the cyclic process zone is crazed into two parts and
forms a newly cracked area if the accumulative damage in
the material reaches its critical condition. In case
that the damage index in each cycle of loading can be
determined in a certain manner, the prediction of crack
propagation of the material may become possible by
estimating the size of cyclic process zone.
For metallic structures the size of the process
zone may be estimated by Irwin's[1968] effective crack
length theory. His theory is based on the fact that
most metallic materials are quite ductile and have a
nearly constant yield strength when the stress in the
material reaches its peak value. His process zone
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formulation is based on the force balance near the crack
tip and has a considerable accuracy in small scale
yielding cases as compared with the Dugdale's striped
yielding model. However, extension of this theory to
cementitious material, such as motar and concrete may
initiate technical problems due to the softening
properties of the material.
Figure 7.1.1 Cyclic Process Zone by Isotropic Hardening
Rule (Rice, 1968)
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Concrete and motar are known as softening materials
and have a descending cohesive force. Previous
researches showed difference in fracture properties
between cementitious materials and metals (Capinteri,
1985) (Bazant, 1985) (Shah, 1984) (Sih, 1984). 	 Several
researches concluded that this descending cohesive force
plays a key role in determining the fracture properties
of the concrete structures, especially in the case of
nonlinear fracture mechanics.
The so-called fictitious crack model proposed by
Hillerborg (1985) has been widely accepted as an
effective method in modeling the fracture properties of
concrete and reinforced concrete structures. This model
is based on the classical process zone theory by
applying variable cohesive force to the process zone.
This concept is not new to researchers in metallic
materials. The use of variable cohesion in the process
zone to model the hardening properties of different
metals was proposed by Chen (1975). His idea, however,
was not considered mathematically feasible in the 70's.
The development of digital computer technology and
numerical methods, especially the finite element method,
makes the fictitious crack model a reality. This model
was originally proposed by Hillerborg at Lund Technical
University and it showed a high potential for predicting
the fracture properties of concrete structures.
Numerous researches and technical papers have been
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published in the literature on this topic since the
70's. However, most of these researches concentrated on
the analysis methods and case studies.
An analytical method must be found to apply this
process zone theory to the fatigue crack propagation
problems of concrete structures. The key issues are:
1). prediction of the length of the process zone in a
cementitious material, and 2). the crack opening
displacement in the process zone.
These two problems are fundamental to the
application of fracture mechanics to cementitious
materials. In the following sections of this chapter, a
generalized process zone theory is proposed based on the
Paris' displacement formula. A closed form solution
from the functional analysis is derived in this chapter.
The theoretical results are then used to predict the
fatigue crack propagation rate of concrete materials.
7.2 Generalized Process Zone Theory
Paris (1957) proposed a method to calculate certain
displacements relevant to crack problems. His method
was based on Castigliano's theorem and fracture
mechanics. Assume the total strain energy of a cracked
body is U under external load of P. The crack opening
displacement AF (Figure 7.2.1) was found as
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where K IF is the stress intensity factor caused by a
couple of virtual forces F on the position in question;
KIP is the stress intensity factor corresponding to the
external load P; a is the integral variable; and a, and
aF are the position of the crack tip and the position
where the displacement is to be calculated.
Figure 7.2.1 Crack Opening Displacement by Castigliano's
Theorem
Using the principle of superposition, the Paris
formula can be applied to the classical process zone
theory and it yields a generalized approach to the
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problem. Note that the stress intensity factor of a
linear elastic cracked body is assumed to be a linear
ifunction of the load applied. Thus KIF in Paris' F
formula can be considered as the virtual strength
intensity factor, kD(ξ,x), corresponding to a unit force
F. The Paris' formula can be written as:
Figure 7.2.2 Generalized Process Zone Theory by Paris'
Displacement Formula
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where
a is the crack length (Figure 7.2.2),
K is the stress intensity factor, and
is the moving coordinate along the crack length.
In case of existing a distributed cohesive force a(b) in
the process zone [a,c], a negative contribution by the
distributed cohesive force to the total stress intensity
factor shall be considered in computing the crack opening
displacement in Equation 7.2. By using the principle of
superposition, the crack opening displacement can be found
as (Figure 7.2.2):
where
Equation 7.4 and 7.5 lead to a singular integral equation:
The smooth closure condition can be define the
boundary condition needed to solve the problem. The
physical meaning of the smooth closure condition is that
the stress intensity factor at the tip of a process
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zone is equal to zero, which indicates that the stress
field has no singularity at this point, i.e.(Wang, et
al., 1994 ), thus
Figure 7.2.3 Centrally Cracked wide Plate Subjected to
Distant Uniform Tensile Stress
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As an example, the solution for a wide plate with a
central crack problem (constant distributed cohesive
force) is illustrated later in this section using the
proposed method. In the case of variable distributed
cohesive forces, Equation 7.6 becomes a singular
integral equation with a free boundary condition as
specified in Equation 7.7. Closed form solutions for
the above equation do not exist in general.
However, in case that the material has a constant
cohesion, the proposed equation becomes an integration
of a given function. Thus, Equations 7.6 and 7.7 may
have exact closed form solutions. In fact, most ductile
metals can be considered to have a constant cohesion
after yielding. Hence, the applications of Equations
7.6 and 7.7 to metallic structures have led to good
results(Rice, 1968).
An exact solution for the problem of a wide plate
with a central crack (see Figure 7.2.3) is derived
herewith to illustrate the proposed generalized process
zone theory.
The stress intensity factor of the specimen under a
distant uniform stress of such a specimen is given below
The virtual stress intensity factor is
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and the stress intensity factor by the cohesive force in
a unit length is
Thus the crack opening displacement 8(x) can be found by
Equation 7.6
and the boundary condition reads:
A formula similar to Equation 7.11 was proposed by
Chen (1975) by using the Paris' formula for this
particular problem. However, the boundary condition
used in Chen's research was derived from a vanishing
integral Kernel of the equation. For the problem with
constant cohesion, his research led to the same result
listed hereafter.
Equations 7.10 and 7.13 lead to the following
solutions:
7.14
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and
Equation 7.14 can be simplified by using Equation 7.15,
The above solutions are identical to those obtained
by using the Westgård stress function (Dugdale, 1960).
This solution has been widely used to verify different
approximations for nonlinear fracture mechanics.
7.3 Non -Linear Fracture Characteristics of Softening Materials
Equation 7.16 shows the crack opening displacement in
the process zone of materials with perfectly plastic
cohesion, which is a good approximation for metal
structures. However, as mentioned in the previous
sections, concrete is a typical softening material with
a descending cohesive force. Thus, this solution is not
applicable to the problems of this kind, instead, a
cohesion shall be used. This variable cohesion is known
as a function of crack opening displacement for
cementitious material. Thus, Equation 7.6 becomes a
singular integral equation with a free boundary problem.
Its boundary condition is given by Equation 7.7.
General solutions for integral equations of this
kind are not available. Numerical analysis methods may
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be applicable to these problems, however, they do not
yield closed form solution. And also, even for a simple
problem like centrally crack plate under distant tensile
stress, numerical method may require many computer hours
to perform a complete analysis.
A detailed solution for a variable cohesive force
is illustrated in the following section using an
iterative functional analysis method. This method is
expected to have fast convergence within the range of
the practical problems (Wang, et. al., 1994). The crack
length of the specimen is 2a, and the applied stress is
αo. A linear cohesion vs. crack opening displacement
relation is assumed in the analysis (see Figure 7.3.1)
As illustrated above, the proposed generalized
process zone is easy to apply if there exists a constant
distributed cohesive force. In case of varying cohesion
a[5], the governing equation for a centrally cracked
plate is
and the boundary condition is
Equations 7.17 and 7.18 are similar to Equations
7.11 and 7.13. However, the constant cohesion is
replaced by a function of a[δ(x)]. Thus, Equation 7.17
becomes a Freaholm integral equation. The general
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solution of the integral equations of this kind is not
available.
Figure 7.3.1 Centrally Cracked Wide Plate Subjected to
Distant Tensile Stress.
An iterative functional analysis methods is used
herewith to find an approximate closed form solution of
this integral equation. Suppose an integral equation
has a form of
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where f(x) is the desired solution, K and g are given
functions, T and G are given operators.
By assuming an initial function f l , the given
operator WI leads to a new function of f2  or in general,
This iteration method is expected to converge rapidly.
The error caused in the interation may be estimated by
the following equation
where f is the true solution, f. is the estimation after
the nth iteration, and a is a positive number much
smaller than 1. f. denotes the maximum type norm on
a suitable space of functions containing the functional
sequence {fn} (Wang, et. al, 1994).
In the following analysis, a linearly descending
cohesion vs. crack opening displacement relation is used
to simulate the softening properties of the concrete
material. The cohesion vs. crack opening displacement
relation reads
in which, a is the cohesion in accordance with the crack
opening displacement 5 in the process zone, w e is the
critical crack opening displacement of the concrete, and
4 is the tensile stress of the concrete.
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In the case that the crack opening displacement in
the process zone is given by a function of the abscissa,
or 5(b), the local cohesion can be uniquely determined
using Equation 7.22. However, the crack opening
displacement 6(b) is unknown and shall be determined by
the governing equation.
In order to find the approximate closed form
solution, the iterative method may be performed by
assuming an initial deformed shape of the process zone.
For simplicity, a linear function is assumed for the
first iteration. Thus the cohesion in the process zone
may be found as follows
where, a is the initial crack length, b is the integral
variable, and c is the sum of the initial crack length
and the size of the process zone respectively. 6(a) is
the crack tip opening displacement.
By doing so, the integral equation becomes an
integration of a given function, which leads to
where, α=a/c, s=x/c, z=ξ/c, τ=b/c and k*=δ(a)/wc(1-α) are
dimensionless parameters.
Equation 7.24 leads to the following formula for
crack opening displacement:
and the boundary condition yields
Thus, the solution may be simplified as follows
The crack tip opening displacement may be found by
letting s->α, and it reads
This functional iterative method is expected to
have very fast convergence. With a properly chosen
initial deformed shape, the first iteration may give a
very good approximation of the true solution.
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For instance, a concrete mixture has a tensile strength
of 2.9 MPa, critical crack opening displacement of 1201m,
modulus of elasticity of 29.6 GPa. For a centrally cracked
plate, an unstable crack progress occurs when the crack tip
opening displacement reaches the critical value of w c under
the applied stress O. The maximum normalized tensile
strength, σo/ft of the specimens with different crack lengths
predicted by the above equations are listed in Table 7.3.1.
As the crack length increases from 0 to 10 meters, the
predicted tensile strength of the specimen drops from 1.()f; to
0.151ft .
Table 7.3.1 Size Effect Predicted by Generalized Process
Zone Theory
a(m) σ0/ft P W a/c K(N/m2/3) Keff(N/m2/3 ) K/KIC Keff/KIC
0.001 0.995 0.002 0.005 0.003 1.618E+05 2.322E+06 0.071 1.023
0.025 0.929 0.052 0.128 0.074 7.547E+05 2.312E+06 0.333 1.019
0.050 0.881 0.104 0.257 0.137 1.012E+06 2.311E+06 0.446 1.019
0.100 0.809 0.208 0.513 0.241 1.315E+06 2.316E+06 0.580 1.021
0.200 0.711 0.416 1.026 0.391 1.635E+06 2.334E+06 0.721 1.029
0.300 0.644 0.624 1.540 0.494 1.813E+06 2.352E+06 0.799 1.037
0.400 0.593 0.832 2.053 0.568 1.928E+06 2.367E+06 0.850 1.043
0.500 0.553 1.040 2.566 0.623 2.008E+06 2.379E+06 0.885 1.048
0.600 0.520 1.247 3.077 0.666 2.069E+06 2.390E+06 0.912 1.053
0.700 0.492 1.455 3.590 0.700 2.115E+06 2.398E+06 0.932 1.057
0.800 0.468 1.663 4.103 0.728 2.152E+06 2.405E+06 0.948 1.060
0.900 0.448 1.871 4.617 0.751 2.183E+06 2.412E+06 0.962 1.063
1.000 0.430 2.079 5.130 0.771 2.208E+06 2.417E+06 0.973 1.065
5.000 0.211 10.395 25.649 	 0.945 2.422E+06 2.468E+06 1.067 1.088
10.000 0.151 20.791 51.300 0.972 2.453E+06 2.477E+06 1.081 1.092
By the classical process zone theory, the critical J
integral value is 1/2wcft, or 174 N/m for the material
chosen. In case of small scale yielding, the critical
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stress intensity factor shall be equal to JcE, or 2.269x10 6
Nm2/3.
Figure 7.3.2 Size effect for Cenmentitious Material by
the Generalized Process Zone Theoty
The result from the proposed generalized process
zone theory is listed in Table 7.3.1. The numerical
result plotted in a logarithm scale graph is shown in
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Figure 7.3.2. The graph shows the famous 1:2 slope in the
linear elastic range. It also shows the smooth transition
from the strength failure criterion to the stress intensity
factor criterion of the material. Therefore, Figure 7.3.2
clearly demonstrates the effectiveness and theoretical
significance of the proposed generalized process zone
theory. This result also reflects the fast convergence of
the iterative method used in this analysis.
Figure 7.3.3 Normalized Maximum Process Zone Size at the
Time of Failure (of normal scale)
Equation 7.29 may be written in the form of stress
intensity factor and 4 as follows
Defineing a brittleness index y,
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Figure 7.3.4 Normalized Maximum Process Zone Size at the
Time of Failure (in logarithm scale)
Figure 7.3.2 shows the graph of the normalized strength
of the specimen at the time of failure vs. brittleness
index. It clearly shows the size effect in term of this
brittleness index. The structures with smaller brittleness
index have higher ductility, and they may be analyzed using
the theory of plasticity. These structures shall have a
brittleness index less than 0.05 as indicated in Figure
7.3.2.
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The structures with a brittleness index greater
than 5 may be classified as brittle structures. They
may be analyzed by linear elastic fracture mechanics
with higher accuracy. The failure criterion in this
case is K KIC.
However, for the structures with a brittleness
index less than 5 and greater than 0.05, neither the
traditional theory of plasticity nor the linear fracture
mechanics prevails. In such cases, the structures shall
be analyzed by the nonlinear fracture mechanics.
Table 7.3.1 implies the above statements. In the
case of a small brittleness index, the strength of
structure may be overestimated if the linear fracture
mechanics is used. However, the effective crack length
method proposed by Irwin has led to a good approximation
(Irwin, 1965). The effective stress intensity factor
predicted by Irwin's method is close to the K 1  at the
time of failure for the structures with any brittleness
indexes. Thus, Keff KIC may be used as a unified failure
criterion within acceptable accuracy.
The maximum sizes of process zones at the time of
failure is listed in Table 7.3.1 and they are
illustrated in Figures 7.3.3 and 7.3.4. Figure 7.3.4
shows a linear relationship between the maximum size of
the process zone and the brittleness index in a
logarithm scale.
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The proposed brittleness index y has a straight
forward physical meaning. It is the ratio between the
applied fracture energy-release rate and the fracture energy
toughness (.1c) at the time of failure of an ideal plastic-
yielding-brittle-fracture material. Definition of an ideal
plastic-yielding-brittle-fracture material is the material
that will fail either due to plastic flow or unstable crack
propagation. Thus, if y is less than 1, a structure will
fail due to plastic flow, or brittle fracture, i.e.
Figure 7.3.5 Maximum Stress Intensity Factor at the Time
of Failure
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These two criteria are straight lines in a logarithm
scaled coordinate system as shown in Figure 7.3.2. The
line indicates the fracture criterion has a slope of 1:2
as expected. Engineering materials must converge to
these lines in extreme cases when w<<1 and Ψ>>1.
Theoretically, the theory of plasticity may only apply
to the structures with w=0. And also, the principle of
linear fracture mechanics is true only when Ψ=.
However, in engineering practice, the theory of
plasticity and linear fracture mechanics may apply to
the structures of certain xi/ value with considerable
accuracy.
Results from the analysis of another material with
a smaller critical crack opening displacement of 0.06mm
is also shown in Figure 7.3.2. The results from these
two analyses are almost identical as illustrated in
Figure 7.3.2, even though their critical crack tip
opening displacements differ from one another by 100
percent. This fact may prove that the proposed
brittleness index is objective and independent of the
material and structural properties. Thus, it may be
used to identify the ductility and failure mode of a
structure.
Figure 7.3.6 Maximum Effective Stress Intensity Factor at
the Time of Failure
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CHAPTER 8
DAMAGE ACCUMULATION THEORIES
8.1 Damage of Materials
The strength of materials will constantly decrease under
unfavorable mechanical and environmental conditions.
The constant decrease in strength and overall
performance of materials is caused by micro-structural
changes in the materials. Unfavorable microstructural
changes may be defined as damage to materials. The
constant decrease in the strength of materials shall be
considered as a damage accumulation process in general.
Several types of damage in the material, such as creep,
ductile plastic flow, environmental and chemical
damages, etc., have been examined closely in previous
research.
A damage parameter 4 can be defined with some
material entities to characterize damages in the
material. (I) is defined to be equal to 0 for a virgin
(undamaged), and 1 for a fully damaged material
material. This damage parameter shall be considered as
a vector in general (Vakulenko and Kachanov, 1971, and
Murakami and Ohno, 1981). However, the damage parameter
may be defined as a scalar in the simplest case. For
instance, the damage parameter may be obtained by
counting the ratio between the damaged (lost) area A and
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the undamaged (initial) area Ao for materials having
isotropic damage (Kachanov, 1986), namely,
A more comprehensive consideration can be made from
the point of view of thermodynamics. According to the
theory of thermodynamics, changes to the material
structures can be defined as reversible and irreversible
processes. Irreversible processes may cause damage and
finally lead to failure of the material.
The specific entropy s shall be considered to
analyze an irreversible thermodynamic process. A
straight forward definition of failure is to assume that
the specific entropy of the material reaches the
critical value s* (Chudnovsky, 1973). The critical
entropy density s* is considered as a "stable" material
property that depends mainly on the type of failure.
Let εkk be the strain tensor, T-T 0 be the increase in
temperature , then the specific entropy reads
(Kovalenko, 1969):
where X and
	 are the Lamé constants, α T is the
coefficient of thermal expansion, and cs is the specific
heat at constant strain. For an irreversible process,
143
Equation 8.3 clearly shows an accumulative damage
process if specific entropy is used as a damage
parameter. As the material is exposed to unfavorable
conditions constantly, its specific entropy will keep
increasing as a result of an irreversible process. The
failure of material is defined as the specific entropy
has reached its critical value.
The critical entropy concept shall be considered as
a universal failure criterion. It is well-known that
the degree of freedom of particles in the material shall
increase as the specific entropy increases. On the
contrary, the minimum entropy may be reached if the
system is well "organized", or crystallized in terms of
material science.
A "perfect" material has the minimum specific
entropy, and shall have the best mechanical performance.
Normal engineering materials are far away from being
"perfect" and their specific entropies are much greater
than the minimum value. Therefore, the strength of an
engineering material is much less than its ideal
strength. However, an "undamaged" engineering material
shall have a very stable specific entropy. Here, the
word "undamaged" does not mean that the material is
perfect in a crystal structural sense, but represents an
average condition of "natural" materials of its kind.
As shown in Equation 8.2, the specific entropy is a
function of strain tensor and temperature. It may be
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simplified as an explicit function of strain tensor only
if the temperature is constant. The strain tensor is
known as a strain energy and stress related quantity in
a constant temperature process. The specific entropy
can also be considered as a strain energy and stress
tensor related parameter. The increase of specific
entropy can be interpreted as a damage accumulation
process as the plastic strain tensor increases. Thus the
damage accumulation can be considered as an energy
dissipation process in terms of engineering mechanics.
The critical specific entropy may be reached if the
dissipated specific energy equals the toughness of the
material under the corresponding loading condition. In
most cases, if the strain tensor is in the elastic
range, the strain energy may be released when unloading.
Thus, an elastic loading process may be considered as a
reversible thermodynamic process, and therefore it is a
damage-free process. However, as plastic deformation
occurs, the material undergoes an accumulative damage
process as its entropy increases. The proposed damage
accumulation theory is based on this concept.
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8.2 Overall Behavior of Fatigue Crack Growth
Fatigue failure was considered as a result from the
strength degradation of materials initially under cyclic
loading. Tremendous amounts of research were conducted
to study the strength degradation behavior of metals in
England, France and Germany during the 1850's to 1900's
(Timoshenko, 1953). These researches yielded the well-
known concept of S-N (strength degradation vs. number of
cycles) curve. The S-N curve has been well used in
engineering practice for more than half century before
the development of fracture mechanics.
In the mid 40's, industrial uses of high strength
steels caused numerous fatal structural failures. Most
of these structures were analyzed in accordance with
design codes based on the concept of the S-N curve prior
to that time. The reasons for these sudden structural
failures were not well explained before the establishment
and the application of fracture mechanics. New failure
criteria such as fracture toughness, critical fracture
energy-release rate and the critical J. integral lead
destructive mechanics to a new age. Fatigue crack
propagation has been considered as the most important
behavior in fatigue related failures since then.
Initiated in metal structural design, the fatigue
crack propagation concept is now widely used in
structural designs. From reinforced concrete to high
performance composite material structures, this concept
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gives engineers and researchers a much deeper
understanding in mechanical behavior of engineering
materials.
Paris (1962, 1963) proposed the first fatigue crack
growth rate formula which was based on the concept of
fracture mechanics. His empirical formula, well-known as
Paris' power law, predicts that the fatigue crack
propagation rate is proportional to the mth power of AK,
namely,
where AK is the amplitude of the applied stress
intensity factor K, c and m are empirical parameters
which are considered as material constants.
For a variety of metals m is roughly equal to 4.
Therefore, this relationship is also called Paris'
fourth power law occasionally. Since then the fatigue
test data based on the stress intensity concept has been
widely reported (Frost, et al, 1974), which provided the
basic behavior of fatigue crack propagation under cyclic
loading. A typical da/dN vs. AK curve can be divided
into three different stages as illustrated in Figure
8.2.1.
Stage one concerns the early development of fatigue
crack propagation. At this stage the fatigue crack
propagation rate is mainly influenced by micro-
structural features of the material including the grain
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size and the crush strength of the grain. Researches on
the properties of fatigue crack growth rate at this
stage focus on the threshold stress intensity factor K th.
Kth is the minimum value required to initiate the
fatigue crack propagation.
Figure 8.2.1 Overall behavior of fatigue crack
propagation
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At stage two the size of the plastic zone ahead of
the crack tip is long enough when compared with the mean
grain size, but is much smaller than the crack length.
Hence, use of linear elastic fracture mechanics (LEFM)
may be acceptable. As shown in Figure 8.2.1, the crack
propagation is stable and the rate is the Inch power of
the amplitude of the applied stress intensity factor in
this stage. The formulation of fatigue crack propagation
rate using linear fracture mechanics may lead to the
famous Paris' power crack propagation law (Rice, 1966).
Such a power function is a straight line in a logarithmic
coordinates system.
At stage three, the high stress level causes a
large plastic zone near the crack tip as compared with
the specimen geometrically. Errors caused by the large
scale yielding of the material can not be neglected.
Hence, the influence of non-linear properties of
material should also be taken into account. Therefore
the nonlinear fracture mechanics must be applied to this
stage. As shown in Figure 8.2.1, when the stress
intensity factor reaches a certain value, say Kc, the
fatigue crack propagation will become unstable and lead
to a brittle fracture failure of the specimen. In some
empirical studies the value of Kc was used as a fitting
parameter to characterize the onset of instability
(Miller & Gallagher, 1981). Here, K c should not be
confused with the fracture toughness KIC of the
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material. It is a material strength and specimen
geometry related quantity.
8.3 A Brief Review On Energy Approach
The classical energy approach was found to be effective
in the previous study of fatigue crack propagation
rates. As mentioned in section 8.2, the accumulative
damage in a system can be quantified by a damage
parameter. The dissipated energy is directly related to
the damage of the material. Thus, use of the energy
method and the concept of linear fracture mechanics may
reveal some of the fundamental properties of fatigue
crack propagation.
Rice (1966,1967,1968) proposed an energy method to
analyze the fatigue problem based on the fracture energy
concept, which gave a similar power law as the one
proposed by Paris (1962, 1963). His analysis was based
on the plastic model of a discrete surface of tensile
yielding or slip ahead of a crack tip.
Rice traced the deformation history of a particular
point ahead of the crack tip in an elastic-perfectly
plastic solid from the time when it was reached by the
plastic zone to the time when it was reached by the
crack tip. It is assumed that the separation occurs.
when the total absorbed hysteresis energy U in a newly
created surface is equal to a postulated critical value
U. Let Δuy(x,0) be the plastic displacement of the
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discrete surface of tensile yielding per load reversal
when the crack tip is at x=0 (see Figure 8.3.1), and the
growth rate is assumed to be a constant while crossing a
zone w of reversed deformation. Rice derived the
following formula for fatigue crack growth rate:
Figure 8.3.1 Discrete Surface Model and Cyclic Process
Zone of an Elastic-Perfectly Plastic Solid
This formula can be simplified as
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where ay is the yield stress , E is the elastic modulus,
and v is the Poisson ratio.
This energy approach yields the same result as
Paris' empirical formula. Its logarithm da/dN vs. AK
curve is a straight line. This analysis successfully
leads to the power low of fatigue crack propagation
rate. However, like all the other power laws, it faces a
challenge. Tests show that different materials have
different power values, rather than a constant of 4.
To solve this problem and obtain a reasonable
modified version of the power law, Fine and Davidson
(1983) suggested that the Ws value, or the energy
associated with a moving fatigue crack varies according
to the stress-intensity factor K. A formula based on
the theory of thermodynamics was proposed in their
paper. By establishing an equation of energy balance, a
simple formula was obtained in their study,
where
A is a dimensionless constant; Uc=2Γ, or twice the
surface energy, and 1.t is the shear modulus.
To change the power, Fine and Davidson assumed that
LC is a function of AK, namely,
which leads to
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where m=4-n. If n=0 and the value of U, is a constant
with respect to AK, then in becomes 4. In many cases m
is not equal to 4 , or in other words, n is not always
equal to 0.
This variable U c concept leaves room to justify the
difference between the analytical and experimental
results. However, the empirical study on this
thermodynamics based theory did not show a very
encouraging result (Fine and Davidson, 1983, and
Davidson and Lankford, 1983 ) . Some significant errors
were found between the test result and the analytical
result. Despite this shortcoming, their variable Uc
concept initiated a useful approach to the problem.
Their variable specific fracture energy concept was
later used by Nielsen (1990) .
Nielsen assumed the cyclic fracture toughness as a
function of the applied stress intensity factor IC/ . The
cyclic fracture toughness was said to be a constant Km Basic
if the applied one was less than a so called "transition"
stress intensity factor K ITrans. Beyond KITrans, the cyclic
fracture toughness was defined as a power function of
the applied stress intensity factor. His formula reads
(Figure 8.3.2):
where M' and n' are material constants. For some high
strength steels, 	 and 	 (Nielsen, 1990).
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Figure 8.3.2 Cyclic Fracture Toughness as Function of
Applied Stress Intensity Factor
(Nielsen, 1990)
Although both Rice and Fine's theories had a
problem in fitting some experimental results, they did
point out an important phenomenon that the fatigue crack
propagation is a damage accumulating process involving
irreversible plastic deformation, or plastic energy
dissipation during cyclic loading. However, their
formulas are only applicable to the second stage, namely
the Paris' power regime. To apply the energy method to
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stage one and stage three, the following aspects shall
be considered:
1. Elastic component of fracture energy
Both Rice and Fine used an energy related parameter
to characterize the fracture properties of the material.
Known as J 1 , this parameter can be interpreted as the
energy required to create a newly cracked unit area. In
small scale yielding condition, the J integral is
approximately equal to K2/E', where E' is an elastic
constant which depends on the stress states. A straight
forward consideration is to assume that 100 percent of
the fracture energy is used to create a newly cracked
area.
It is well known that the total energy supplied by
the external loading will be stored in a system in the
forms of elastic and plastic strain energies. The
elastic energy will be released during unloading rather
than be dissipated by the material to cause the damage.
Only the plastic part will cause the accumulative damage
to extend the crack in the ductile fracture case. Thus,
the previous energy formula should be modified by
substituting 10-14:: where K: indicates the elastic part
of the supplied energy, and will be discussed later in
details. If the supplied work done is less than the
elastic threshold, the fatigue crack shall not extend.
Hence, K: can be considered as the threshold stress
intensity factor in the fatigue problem.
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Indeed, most of the strain energy in the system at
stage I is elastic, and is released during unloading.
Only a small portion of the total strain energy is of
plasticity and shall increase the accumulative damage in
a system. Thus the observed fatigue crack propagation
rate will be significantly smaller than the predicted
value by Paris' power law at this stage (see Figure
8.2.1).
At stage III of fatigue crack propagation, a large
portion of the specimen undergoes plasticity. A large
yielding zone will be found as compared with the
geometry of the specimen. Elastic fracture mechanics
always underestimates the size of the process zone
(Irwin, 1960) in this case. A smaller process zone
implies less plastic fracture energy, and/or minor
damage in the system. Consequently, the predicted
fatigue crack growth rate by the elastic fracture
mechanics will always come short of the measured ones in
stage III.
To offset this inaccuracy, nonlinear elastic-
plastic fracture mechanics shall be applied to estimate
the size of the process zone. Though explicit solutions
for some special specimens with constant cohesive force
are now available (Dugadle, 1960, Tada, Paris and Irwin,
1973), it is difficult in general to obtain complete
closed form solutions for nonlinear behavior of fracture
process zones near fatigue crack tips. However, the
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exact solutions show little disagreement with the
results predicted by linear fracture mechanics for small
scale yielding problems in metallic structures. Indeed
some simple modifications, such as the effective crack
length method proposed by Irwin (1960), have proved to
be effective in considering the effects caused by
plasticity in the material.
Because of the above two major aspects, linear
fracture mechanics can not be applied to the stage I and
III without proper modifications.
8.4 Damage Accumulation Theory
Damages can be characterized by using specific entropy
of the materials in general as discussed in the first
section of this chapter. However, this universal
principle may prove difficult in solving practical
engineering problems. An energy based damage
accumulation theory may be more suitable for practical
mechanical damage problems. However the specific
entropy criterion may be ideal in solving chemical and
other environmentally related damage problems.
The proposed damage accumulation theory is based
upon the energy analysis method. Failure of most
engineering materials is caused by the accumulation of
the plastic deformation, or the plastic strain energy
dissipated by the material. Since the plastic
deformation is irreversible, the plastic strain energy
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may be accumulated step by step in each cycle if the
external load exceeds its elastic limit for an elastic-
plastic material. Whenever the structure is unloaded,
the elastic energy is released. In many cases, the
elastic limit may change in each cycle of loading due to
the accumulative damage in the material, but the
envelope of stress-strain curve of the material under
cyclic loading will be approximately identical to its
monotonic stress-strain curve. This phenomenon is well-
known and has been used to obtain the descending part of
the stress-strain curve for a strain softening material
such as concrete.
According to this phenomenon, it is reasonable to
assume that only the accumulative plastic strain energy
causes damage which finally leads to the failure of
materials. The elastic part of strain energy will not
cause any damage in the material and will be released
after unloading. Therefore, it is postulated that the
following two assumptions are the basic principles of
the proposed damage accumulation theory:
1. The total plastic specific strain energy which
can be dissipated by the material before it reaches its
ultimate state shall be considered as a material
constant. This constant is constitutional and can be
determined experimentally.
2. The specific elastic strain energy which is
stored in the material shall not cause any damage, and
it shall be released when the structure undergoes
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Figure 8.4.1 Cyclic Stress-Strain Relationship for
Concrete
The above principles can be considered as the
energy version of the entropy criteria mentioned
previously. When irreversible damage develops, the
specific entropy of the system increases. In other
words, the increasing accumulative plastic strain causes
the damage and finally leads to the failure of
materials.
When the above principles are applied to the
fatigue problem, it can be postulated in the following
statement: after each cycle of loading, the process zone
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near the crack tip will accumulate plastic energy. The
elastic part of the energy will be released during
unloading. When the accumulative plastic fracture
energy dissipation rate in the process zone exceeds its
ultimate value, say
then the total damage has occurred and the crack will
extend throughout the entire process zone. As a result,
the crack will propagate by the length of the cyclic
process zone rcycp. More precisely, a damage index can be
defined as follows:
in which
J, is the critical value of the J integral, and
Jr is the accumulative plastic component of the J
integral.
If the crack tip has a smooth notch and the
external load is small enough so that the total J
integral does not exceed its elastic limit, then there
will be no plastic deformation at all. Consequently no
damage shall be accumulated in the structure and the
crack shall cease to extend in this case. In terms of
the damage accumulation index, (I) is equal to zero. The
stress intensity factor corresponding to the above limit
is therefore defined as the threshold value of fatigue
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crack propagation. On the other hand, if the external
load is so large that the accumulative damage exceeds
its limit within only one step of loading, the process
zone will become a newly developed crack area in this
single loading cycle. This can be considered as
monotonic loading case, and the corresponding damage
index is equal to one.
This damage accumulation theory can be expressed
more precisely in terms of thermoelasticity as mentioned
in the previous sections of this chapter. From
Equations 8.2 and 6.15, the J integral can be related to
the entropy for a constant temperature process. Thus
the entropy criteria in damage accumulation theory can
be considered compatible with the critical J integral
criterion in this case.
This J integral based damage accumulation theory
will be used to predict the fatigue crack propagation
formula in the next chapter.
CHAPTER 9
FATIGUE CRACK PROPAGATION OF METAL STRUCTURES
9.1 Effective Stress Intensity Factor and Size of Cyclic Plastic Zone
The J integral represents the fracture energy release
rate for a nonlinear elastic specimen. It is equal to
K2/E' if the material is linear elastic (Rice, 1968).
For an elastic-plastic specimen, this relation may still
be true if the system undergoes a small-scale yielding.
A more precise formulation is given below:
Here Keff is the effective stress intensity factor
(Irwin, 1960). The accuracy of this formula is also
illustrated in section 3 of Chapter Eight for softening
materials.
According to Irwin, the compliance of the specimen
increases due to the yielding of the material ahead of
the crack tip. This effect can be taken into account by
using an enlarged effective crack length instead of the
real one. In other words, the stress intensity value
will increase due to the yielding of the material. By
considering the force balance in the specimen, an
enlarging factor 11 can be found to account for the
effects caused by the small scale yielding in the
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specimen. This enlarging factor 	 depends on the stress
intensity factor, the yield strength and the geometry of
the specimen (Irwin, 1960) simultaneously:
where a = local yield strength, and a = the applied
stress.
Knf can be considered as a nominal ultimate stress
intensity factor. It is the stress intensity factor of
the specimen under an ultimate load as predicted by the
theory of plasticity. In the case of the wide plate
problem, Ka is equal to a y jci.
Under cyclic loading, the size of the reversal
plastic zone or the highly strained cyclical process
zone is not a function of K, but AK according to Rice
(1966). Indeed, the formulation proposed in section 4
may be used to calculate the size of a cyclic process
zone. The corresponding stress and strength used in the
computation shall be equal to ea and 2σy, respectively,
for an isotropic hardening material (Figure 9.1.1).
Some experimental results (Loye and Bathias, 1983),
show that in a plane strain condition, r: or the size of
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a highly strained cyclical process zone can be expressed
as:
or in general,
where α is a constant which can be determined according
to the material and the loading condition.
Figure 9.1.1 Isotropic and Perfectly Elastic-Plastic
Material
The above analysis provides a good approximation in
many cases. Exact solutions are difficult to obtain for
most practical engineering problems though a generalized
process zone theory proposed in Chapter seven provides
possibilities for finding closed form solutions. The
exact solutions are not that important in engineering
practice, however, exact solutions may serve as
references to examine the above approximate solutions
used in daily engineering practice.
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9.2 Near-Threshold Properties of Fatigue Crack Propagation
For a long crack problem, the crack tip dimension is
compatible to the mean grain size of the material after
the fatigue-crack initiation. Grains near a sharp crack
tip will be crashed under external loading. The crashed
grains form a blunt crack tip and reduce the stress
intensity factor as well as the stress near the crack
tip. If the stress ahead of the blunt crack tip is
lower than the average local yield strength & y , the
fatigue crack will stop propagating. According to
Rice(1965), the maximum stress ahead of the blunt crack
tip can be approximately written as:
where K is the applied stress intensity factor, and p
is the mean grain size of the materials.
When σmax is less than the yield strength, the whole
specimen undergoes elastic deformation. The structure
shall not accumulate any plastic strain, and no material
can be further damaged except the grain near the crack
tip. This stress intensity factor is said to be the
threshold value, namely Kth. A true stress-strain curve
may be found as
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where
a = true stress,
= true strain,
n = strain hardening coefficient, and
C = material constant, defined as the true stress
at a true strain of 1.0.
The stress at the onset of the localized necking
may be used as a characterized strength to find the
threshold stress intensity factor. Thus
Here the true plastic strain at neck instability is
equal to n (Hertzberg, 1976). Thus, the threshold
stress intensity factor for such materials can be found
as:
In the case of perfectly plastic materials, the
hardening coefficient is zero, and above equation reads:
Empirical formulas similar to Equations 9.10 and
9.11 have been found for different groups of materials
(Stark and William, 1984) (Barson and McNicol, 1974).
Their formulas have the form of
where cth may be referred as a material constant. The
similarity of Equations 9.11 and 9.12 may show the
validity of the above analysis for some metals.
As mentioned in Chapter Seven, the elastic
component of the J integral can be estimated by:
The error of this estimation is expected to be
minor in most cases since the majority of the system
undergoes elastic deformation if the applied stress
intensity factor is close to the threshold value.
9.3 Fatigue Crack Growth Rate
Consider a cracked specimen with a given value of the
integral under the external load. As mentioned
previously, the total J value can be divided into two
components, namely J e and 4, or the elastic and plastic
components of the J integral. When the fracture energy
dissipation rate of the system changes from Jminin t 0 Jmax,
the increment of -max—-- Jmin indicates the accumulative
damage of the system if Jmin exceeds its elastic limits
as mentioned previously. This is because the plastic
parts in both Jmax and Jmin are assumed to be
of Jmin>Jth according to the proposed damage
theory. If Jmin is less than its elastic 1.
total difference in plastic components of 4
will be equal to JPmax, or Jmax -Je•	In general,
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accumulative plastic fracture energy dissipation rate
within the process zone in one cycle of loading will be:
Recall Equation 3.12, the damage index in each cycle of
loading (I) can be found as
The total number N of cycles needed to accumulate a
complete damage in the process zone will be equal to 14.
From a physical point of view, N is the total number of
cycles needed to break the cyclic process zone into two
free surfaces, or newly created crack. By applying the
effective stress intensity factor, the J integral can be
expressed as K2eff/E'. Consequently, N can be expressed in
terms of the effective stress intensity factor as
follows:
where
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KID = the critical stress intensity value
a y = the average local yield strength.
As mentioned above, the whole process zone will be
broken into a newly developed crack area if the
accumulative damage exceeds the material limit.
Therefore, the average crack propagation rate with
respect to the number of cycles can be found as 1-1:/l4.
If expressed in a derivative form, the fatigue
propagation rate reads
If R is used to denote the ratio of the stress intensity
factor, or
e in Equation 9.17 can be expressed as a function of
the maximum stress intensity value and the stress ratioAK 2
since r; =a
	 2 	 (see Equation 9.6 ) :
ay
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Equation 9.17 presents the average crack growth
rate of a long crack under cyclic loading. In practice,
a crack will not propagate in a constant speed. Some
experiments show that the crack growth rate will have a
big jump after several cycles of loading. However,
Equation 9.17 shows an average rate over a certain
number of loading cycles.
Figure 9.3.1 Comparison Between Predicted and Measured
Data (R=0.1 and 0.3)
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The exact solution for a classical Dugdale problem
is available (Chapter 7). Therefore, a more precise
formulation can be obtained for this ideal case.
Based on strip yield model, Dugdale(1960) found the
exact solution for a wide plate with a central crack:
where S is the crack tip opening displacement, a is half
of the crack length, a is the applied stress, a y is the
average local yield strength, and c is half of the
total length of crack and process zone ahead of the
crack tip.
According to the solution, the size of the process
zone under monotonic loading can be written as
Since the material is assumed to be perfectly
elastic-plastic, the J integral can be found as the
product of the crack opening displacement 5 and the
yield strength ay
so that
Figure 9.3.2 Comparison Between Predicted and Measured
Data (R=0.5 and 0.8)
Thus the effective stress intensity factor is,
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No significant difference is found by comparing
Equation 9.26 with Equation 9.2 provided that the
applied stress σo<0.6σy. However, Equation 9.2 is
derived based on the concept of force balance near the
crack tip, therefore, it may be also applicable to cases
beyond the wide plate with central crack problem.
The fatigue crack growth rate formulas for this
typical Dugdale's problem can be found as
where σy=2σy and are Δσ=σmax—σ min in case of cyclic
loading (Rice, 1968).
9.4 Experimental Verification of Proposed Formulas
To verify the proposed formulas, the test results
published in the ASTM STP 738 ( Miller and
Gallagher,1981 ) are analyzed. The reported test data
vary from 10 -9 in/cycle to 10 -3 in/cycle, which cover
almost all the three regions of fatigue crack growth.
The specimens are made of A12219-T851, its 0.2%
yield strength is 370 MPa and Kc is 38.5Mpa m, and the
mean grain size varies from 30 to 6011m. The R values are
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0.1, 0.3, 0.5, and 0.8, respectively. Figures 9.3.1 to
9.3.2 show that the predicted fatigue crack propagation
rate agree well with the measured data in a wide range
both in terms of amplitude of stress intensity factor
and R value. In these figures, the separated symbols
indicate the measured test data, and the continuous
curve represents the predicted fatigue crack growth rate
by Equation 9.17.
9.5 Discussions of Proposed Formulas
9.5.1 On Fatigue Crack Propagation Rate
1. Crack Size Effect
The proposed formulas show that the crack length
has a significant influence on the da/dN value. This is
because the size of process zone is strongly affected by
the geometry of the specimen. The analysis in this
research shows that in small scale yielding condition,
the predicted da/dN curve shall convert to the Paris
power law.
Figure 9.5.1 illustrates influence of the crack
length on the da/dN curve. This influence becomes more
significant in stage III. Therefore, the Paris power
law is applicable to a long crack with small scale
yielding and shall not be excessively used. Figure
9.5.1 also indicates that the variation of power value
in the Paris' formula may be caused by the different
yield strength and the geometry of the specimens.
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2. R ratio
As in Equation 9.16, the fatigue crack propagation
is found to be a function of the amplitude of the J
integral and stress intensity factor. Thus the R ratio
shall not have a significant influence on a da/dN vs. ΔJ
curves as the da/dN vs. AK curves. This finding has
been proved by several experimental results.
3. The average local yield strength
The mean value of maximum local yield strength in a
statistical sense is a function of mean grain size and
process zone size. The smaller the mean grain size is,
the larger is the ratio of the local strength and
uniaxial tensile strength. For example, when the mean
grain size is 30μm, the ratio is about 1.6. This ratio
becomes 1.8 to 1.9 if the mean grain size is 14μm. It is
important to find a practical method to predict this
ratio. Before the method can be established, the mean
value of maximum local yield strength of the material
must be identified by using the experimental Kth value
and Equation 9.11. This has been proved acceptable for
some metals such as Ti-6Al-4V, Ti-8.6Al, and A12219-T851
etc.
The average local yield strength is also a function
of process zone size. The normal yield strength shall be
used if the specimen undergoes large scale yielding.
This phenomenon was explained by Weibull's
risk-of-rupture criterion (Weibull, 1939), and a solution was
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illustrated by Carpinteri (1984). At stage three, the
process zone size is of the order of specimen,
therefore, the mean grain strength can not be used at
this stage. The local strength will decrease as the size
of process zone increases. The yield strength of the
material shall be considered as the minimum and the mean
grain strength as the maximum. A continuous function
may be used to predict the mean local strength which
varies from the minimum yield strength to the maximum
mean grain strength of the material. The Weibull's risk
theory is used herein to find the function as mentioned
previously.
It is well known in Weibull's theory that the
material is assumed to be homogenous. However in a large
scale yielding condition, the non-homogeneous properties
of the material may be smoothed out in a large process
zone. As an extreme case, if the size of process zone
is of the order of the specimen size, the material in
the process zone can definitely be considered as
homogeneous.
4. Properties near the threshold
As mentioned previously, da/dN is determined by
Kmax-Kthinstead ofm x-in, if Kns l ss hanth.Since
is considered as a material constant, the Kmax value will
dominate the near threshold properties of the fatigue
crack propagation, or the da/dN value at stage I. This
phenomenon was first mentioned by Cooke and Beever
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(1974) when they discussed their experimental results on
fatigue crack propagation in Pearlite Steels. Since most
of the structures are designed to work in a near
threshold loading environment, this finding is very
important and may simplify analyses in the design of
such structures.
Figure 9.5.1 Predicted Fatigue Crack Growth Rate of
Specimens with Different Crack Length
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5. Smooth transition from stage II to stage III
A transition from stage II to stage III is achieved
by using the concept of effective stress intensity
factor. As mentioned previously if the process zone size
is large enough, the material within the process zone
may be considered as homogeneous, and its strength will
decrease as the size of process zone increases. On the
other hand, the effective stress intensity factor
predicted by Irwin's theory also increases as the size
of the process zone increases. These two major effects
together allow a smooth transition of the da/dN curve
from stage II to stage III as long as the size of
process zone continues to increase.
Chapter 10
Fatigue Crack Propagation of Concrete Structures
Fatigue crack propagation in concrete structures is a
new research area. Very few researches have been
conducted in this area. Theoretical analyses are not
available in general. Most of the empirical studies on
fatigue problems in concrete structures are limited to
repeating the S-N curve measurements.
In the following sections of this chapter, several
critical problems of fatigue crack propagation are
studied by the proposed generalized process zone theory
and damage accumulation theory.
Section 10.1 studies the fatigue crack initiation
condition and the threshold value for concrete
materials. Also, the estimated size of process zone
under cyclic loading is presented to determine the
fatigue crack propagation rate for concrete structures.
In section 10.2, the damage accumulation theory
proposed in Chapter 8 and the fatigue propagation rate
formula are used again for the concrete structures.
Test results by others are used here to verify the
validity of the proposed formula.
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10.1 Fatigue Crack Initiation in Concrete Structures
Concrete materials are similar to metals in a micro-
structural sense. The micro-structures of metal are
made of randomly distributed grains. They are grouped
together with cohesive force between grains. These
grains usually have much higher strength than the global
strength of the metal because of imperfections in
metals.
Fatigue cracks are usually initiated between
grains. As the crack grows, the stress intensity factor
begins building up. As the stress ahead of the crack
tip reaches a level higher enough to crush the grains
near the crack tip, a blunt crack tip is formed. As a
result, the stress intensity factor drops down. In case
that the applied load is not strong enough to raise the
stress intensity factor to a certain level to crush the
new grains near the crack tip, the crack will stop
propagating. This stress intensity factor needed for
fatigue crack propagation is called the threshold value.
Section two of Chapter nine presents an analytical
method to determine this threshold stress intensity for
metals.
For concrete structures, this threshold value has
similar physical characteristics, and may be derived
using the same analytical approach. However, minor
changes are made to reflect the properties of concrete
materials.
Figure 10.1.1 Fatigue Crack Initiation in Concrete
Structures
Firstly, concrete is made of fine and coarse
aggregates. The bond stress provided by the cement acts
as the cohesive force in metals. Micro-cracks caused by
shrinkage provide an initial imperfection in material.
As the external loads increases, micro-cracks in the
structure will start propagating around the coarse
aggregates (see Figure 10.1.1). The propagation of the
micro-cracks isolates the coarse aggregates and forms a
blunt crack tip to prevent further propagation of the
fatigue crack. In case the applied loads are not strong
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enough to raise the stress level ahead of the blunt
crack tip to cause further damage to the material, this
crack will NOT propagate further. Thus, the damage in
the material is local rather than global in the
structural system. In this case, based on the damage
accumulation theory proposed in the previous chapter,
the structure undergoes elasticity rather than
plasticity. Thus, the damage index of the structure is
0.
According to the notch analysis presented in
Chapter nine, the fatigue crack propagation threshold
value of concrete may be given by,
where ft is the tensile strength of concrete, and d bar
is the size of the coarse aggregate.
In contrast to metals, the bond strength in
concrete material is provided by the cohesive strength
of cement. As a strain softening and low tensile
strength material, tensile failure of concrete material
is mainly due to stress concentration and localization.
Thus, the global tensile strength of concrete material
can be considered the same as the local strength.
Different sizes of aggregates may affect the tensile
strength as well. However, since the sizes of the cement
molecules are much smaller than those of coarse
aggregates used in concrete mixture, the effect of
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aggregate size on local tensile strength shall be
ignored.
Similar to metals, the maximum elastic component of
the J integral may be estimated in accordance with the
threshold stress intensity value,
The error of this estimation is negligible since the
majority of the material undergoes elasticity.
This threshold stress intensity factor formula will
be used to predict the fatigue crack propagation of
concrete material in the next section of this chapter.
10.2 Cyclic Process Zone in Concrete
Concrete materials have different strengths under
different loading conditions. Its compressive strength
is about 8-12 times of its tensile strength. In the
case that the material undergoes isotropic hardening,
the effective strength of concrete used to predict the
size of cyclic process zone is
which is shown in Figure 10.2.1.
The above equation is based on the fact that the
material ahead of a crack tip is highly stressed. Any
loads corresponding to stress intensity factor higher
than the threshold value may create a yielding (process)
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zone. A process zone may occur under this loading, and
the plastic deformation may remain at the crack tip.
As the system undergoes unloading, a reversed
plastic (process) zone is formed in accordance with an
fequivalent strength of f t+f c . Therefore, to predict the
size of a reversed process zone, the effective strength
of f t +f‘c must be used instead of f t as in monotonic
loading case.
Figure 10.2.1 Cyclic Process Zone in Cementitious
Materials
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This concept was proposed by Rice to predict the
size of the cyclic process zone for metals (1966). The
effective strength used in his research was la y , or
twice the yield strength, which is based on the fact
that metals have similar tensile and compressive
strengths.
The size of the process zone in metallic structures
can be predicted in terms of the amplitude of the
applied stress intensity factor as illustrated in
Chapter nine. The same concept is used here for
concrete structures. As mentioned previously, the size
of the process zone under monotonic loading of softening
material is larger than that in a perfectly-plastic
material. Under cyclic loading, however, the loading
level is comparatively low, and the reversed plastic
flow literally increases the strength of the material as
explained by the isotropic hardening rule. Thus, the
size of the cyclic process zone in concrete structure
may be predicted by a method similiar to that used in
metallic structure.
For a concrete specimen with a tensile strength of
ft and a compressive strength of 	 subjected to cyclic
loading, the size of cyclic process zone is
where, AK is the amplitude of the applied stress
intensity factor, v is the Poisson ratio of concrete.
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The term 0-2v 2 is used in plane strain condition
(Irwin, 1960).
For most fatigue crack propagation tests, the
stress condition near the crack tip is of plane strain
rather than plane stress when the process zone is very
small in comparison to the width of the specimen.
However, as the load increases, the size of process zone
becomes compatible with the width. Therefore, the stress
profile is converted from plane strain condition to
plane stress condition. In a plane stress condition,
the cyclic process zone may be estimated as follows
Thus a longer process zone can be formed in the material
which leads to a faster rate in fatigue crack
propagation. Also, a higher stress intensity factor
level can cause a larger scale yielding, which increases
the value of the J integral. The larger value of the J
integral usually causes a rapid damage accumulation.
These two aspects may be responsible for a rapid
increase of fatigue crack propagation at a higher stress
level.
The so-called size effect is always a major concern
in the fracture related research of concrete structures.
In Chapter 7, the size effect predicted by generalized
process zone theory clearly illustrates that the
critical value of J integral Jc is a constant. However,
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the critical stress intensity factor is a size dependent
parameter for softening materials. Strictly speaking,
the stress intensity factor shall not be used to predict
the fracture characteristics of structures made of
softening materials. Nevertheless, the effective stress
intensity factor by Irwin's effective crack length may
provide a good approximation as indicated in Chapter
Six. This effective stress intensity factor concept is
utilized again to predict the fatigue crack propagation
rate using the proposed damage accumulation theory.
10.3 Fatigue crack propagation rate of concrete structures
Chapter Nine presents the application of the proposed
damage accumulation theory to predict the fatigue crack
propagation in metallic structures. The formulation of
fatigue crack propagation rate consists of two parts,
namely, the size of the cyclic process zone and the
damage index.
The size of the cyclic process zone in concrete
structures rcyc, is given in Equation 10.5. Just as for as
metals, the damage index may be defined as the ratio
between the accumulative plastic component of the J
integral per cycle and the critical value. Thus, the
fatigue crack propagation may be predicted as
or
Where
KIC = JcE' JcE' is the critical stress intensity factor for
structures with very high brittleness index. K 	 and
IC: are the maximum and minimum stress effective
intensity factors under cyclic loading according to
Irwin's effective crack length theory. As indicated in
chapter Six, the results from the generalized process
zone theory show that the potential size effect caused
by nonlinear property of the material may be eliminated
by using the effective strength intensity factor.
A few empirical studies have been conducted on the
fatigue crack propagation. The experimental data on
fatigue crack propagation rate of concrete structures
are very limited in comparison to metals. Thus, the
proposed formula can only be compared with limited
experimental results presently available in the
literature.
A complete test result was given by Baluch et. al
(1987). The mix design of the concrete used in their
investigation is (by Weight):Coarse Aggregate 45%, Fine
Aggregate 27%, Type I Cement 18.5%, and Water 9.5%.
Grading of coarse and fine aggregates is given in Table
10.3.1.
The compressive strength obtained from testing of
76.6mm by 152.4mm cylinders was 27.6 MPa.
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The specimen used in the test was a three point
bending specimen with dimensions of 51mm x 152mm x 1360
mm (Width x depth x Span). A saw cut notch of 3mm width
with various notch depth was used in the test to
initiate the fatigue crack.
Fatigue crack length was computed by comparing the
compliance between the fatigue specimen and the pre-
tested calibration specimen in order to avoid the
measurement of fatigue crack length physically.
Table 10.3.1 Gradation of Coarse and fine aggregates
Coarse Aggregate Fine Aggregate
Sieve Size
(mm)
% Passing Sieve Size
(mm)
% Passing
12.7
9.5
4.75
2.36
1.18
100
60
40
20
5
2.36
1.18
0.6
0.3
100
63
45
20
The tensile strength of the concrete used in
theoretical analysis may be predicted by (Hilsdorf and
Bramshuber, 1991)
The modulus of elasticity of concrete, E, may be
estimated as
and the critical energy release rate is
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Here Gf is the critical energy release rate for
structures with infinite brittleness index, or, Kc2 /E, as
illustrated in Chapter seven. a d is an empirical
parameter determined by the maximum coarse aggregate
size given in Table 10.3.2. (Hilsdorf and Bramshuber,
1991)
Table 10.3.2 Coefficient ad vs. maximum aggregate size d
d[mm] ad
8
16
32
4
6
10
For the concrete mixture used in their investigation,
the tensile strength is about 2.7MPa, and the Kc is
equal to 1.4MNm -3 / 2 .
The test result shows that the fatigue crack
propagation rate of concrete varies from 1.5x10 -7
m/cycle to 6x10 -6 m/cycle in accordance with different
amplitude of the stress intensity factor. Here, R is
defined as the maximum to minimum ratio of stress
intensity factor, which is 0.3 in this test.
The comparison of measured and predicted fatigue
crack propagation rate by the proposed formula is shown
in Figure 10.3.1. The comparison shows that the results
predicted by the proposed formula have an acceptable
accuracy in prediction the fatigue crack propagation of
concrete structures. However, the experimental work on
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this subject is limited in scope. Thus further
experimental studies are needed to fully understand the
behavior of fatigue crack propagation in concrete
structures.
Figure 10.3.1 Comparison of Measured and Predicted
Fatigue Crack Propagation Rates in
Concrete Structures
Chapter 11
CONCLUSIONS
11.1 Conclusion of Part I
The limit analysis method is used here to predict the
ultimate shear strength of different reinforced concrete
structural elements.
	
These elements are: push-off
shear transfer, brackets, deep beams. In addition to
these two-dimensional problems, the torsional strength
of rectangular reinforced concrete beams is analyzed
with the same method. Solutions by the limit analysis
method are verified with over two hundred specimens
tested around the world. This research yields the
following conclusions:
1. The limit analysis method may be used to predict the
shear strength of plain and/or reinforced concrete
structures;
2.A generalized energy dissipation rate is proposed in
this research. It may be used in the limit analysis
of reinforced concrete structures subjected to multi-
stress conditions.
3. The results from the limit analysis method show clear
physical meanings. The simplicity and the accuracy
of the proposed method show that it may be used as an
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alternative approach to the shear strength design of
reinforced concrete structures.
4. The ductility of the plain and/or reinforced
concrete structures is studied using two
coefficients, v c and v s , respectively. Known as the
material and structural coefficients of plasticity,
respectively, v c and v s are defined in accordance
with the material and structural properties.
5. A unified definition of over-reinforcing is proposed
in terms of reinforcement index. The maximum
reinforcement ration Ψmax=m/2, where m=ft'/ft.
11.2 Conclusion of Part II
The research in Part II of this dissertation can be
concluded in the following:
1.The J integral contains both elastic and plastic
components for nonlinear elastic-plastic materials.
The elastic component of the J integral is found to
be a function of the stress intensity factor under
combined external loads and the cohesion in the
process zone.
2. The fracture damage level in engineering materials
may be defined by the accumulative plastic component
of the J integral. Fracture occurs when the
accumulative plastic component of the J integral
reaches its critical value.
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3.A generalized process zone theory is proposed for
nonlinear engineering materials. This generalized
process zone theory is able to predict the nonlinear
fracture properties for both hardening and softening
materials.
4.A brittleness index is proposed here based on the
results from the generalized process zone theory.
This brittleness index may be used as objective
indicator to determine the ductility of the
structures. The classical theory of plasticity may
be used for structures with a brittleness index less
than 0.05. In the case that this index is larger
than 5, they linear elastic fracture mechanics
becomes applicable. However, for structures with a
brittleness index between 0.05 and 5, it must be
analyzed using nonlinear fracture mechanics.
5. Fatigue crack propagation rates of metallic and
concrete structures are found to be a function of the
size of the cyclic process zone and the damage index.
A damage index is defined as the ratio between the
accumulative plastic component of the J integral and
 the critical J value.
6.Near threshold fatigue crack propagation properties
are found to be independent of the amplitude of the
stress intensity factor. These properties are mainly
determined by the maximum stress intensity factor.
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7. The effective stress intensity may be used to predict
the nonlinear fracture properties with acceptable
accuracy.
APPENDIX A
Table 5.2.1 Comparison of Measured and Predicted Shear Strength of Push-off Shear
Transfer Specimens
t Sources fc'
(MPa)
ft
(MPa)
v p fy
(MPa)
41 Ica!. /test zest
a col
DO-1 Wang 15.73 2.047 0.649 0.000 N/A 0.000 2.587 2.606 1.007
DO-2 Wang 15.73 2.047 0.649 0.000 N/A 0.000 2.587 2.736 1.057
DO-3 Wang 15.73 2.047 0.649 0.000 N/A 0.000 2.587 2.753 1.064
DO-4 Wang 15.73 2.047 0.649 0.000 N/A 0.000 2.587 2.794 1.080
D4-1 Wang 15.73 2.047 0.660 0.002 484.1 0.738 3.467 3.121 0.900
D4-2 Wang 15.73 2.047 0.660 0.002 485.1 0.733 3.461 3.232 0.934
D4-3 Wang 15.73 2.047 0.660 0.002 486.1 0.749 3.478 3.251 0.935
D6-1 Wang 15.73 2.047 0.662 0.006 220.6 0.903 3.640 3.427 0.941
D6-2 Wang 15.73 2.047 0.662 0.006 220.6 0.909 3.646 3.146 0.863
D6-3 Wang 16.78 2.137 0.657 0.006 220.6 0.893 3.817 3.787 0.992
D8-1 Wang 15.73 2.047 0.668 0.008 231.7 1.312 4.049 3.381 0.835
D8-2 Wang 15.73 2.047 0.668 0.008 231.7 1.312 4.049 3.772 0.931
D8-3 Wang 15.73 2.047 0.668 0.008 231.7 1.284 4.022 3.755 0.934
1.1A Hsu 27.38 2.962 0.607 0.004 349.5 0.855 5.390 5.171 0.959
1.1B Hsu 30.31 3.170 0.593 0.004 331.0 0.775 5.631 5.819 1.033
1.2A Hsu 26.82 2.921 0.620 0.009 349.6 1.698 6.521 6.895 1.057
1.2B Hsu 29.20 3.092 0.607 0.009 331.0 1.552 6.691 6.757 1.010
1.3A Hsu 26.82 2.921 0.631 0.013 349.6 2.504 7.535 7.585 1.007
1.3B Hsu 27.38 2.962 0.626 0.013 331.0 2.356 7.471 7.378 0.988
1.4A Hsu 31.50 3.252 0.615 0.018 349.6 3.078 9.016 9.377 1.040
1.4B Hsu 26.93 2.929 0.639 0.018 331.0 3.114 8.138 8.826 1.085
1.5A Hsu 31.50 3.252 0.624 0.022 349.6 3.791 9.591 9.653 1.006
1.5B Hsu 28.39 3.034 0.640 0.022 331.0 3.752 8.900 9.543 1.072
1.6A Hsu 30.11 3.156 0.641 0.026 349.6 4.559 9.648 9.874 1.023
1.6B Hsu 28.29 3.027 0.650 0.026 331.0 4.443 9.179 9.791 1.067
6.1 Hsu 27.66 2.982 0.605 0.004 331.0 0.807 5.351 5.516 1.031
6.2 Hsu 27.45 2.967 0.645 0.022 331.0 3.803 8.715 8.155 0.936
MI Hsu 28.82 3.065 0.600 0.004 351.0 0.839 5.552 5.240 0,944
M2 Hsu 26.89 2.926 0.621 0.009 369.4 1.788 6.653 6.757 1.016
M3 Hsu 27.55 2.974 0.628 0.013 360.7 2.549 7.725 7.653 0.991
M4 Hsu 38.61 3.725 0.576 0.018 351.0 2.877 9.966 7.860 0.789
M5 Hsu 27.13 2.944 0.652 0.022 363.4 4.165 8.804 8.826 1.003
M6 Hsu 28.41 3.036 0.655 0.026 363.7 4.832 9.298 9.101 0.979
0.985
STD 0.070
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Table 5.2.2 Section and Material Properties for Bracket Specimens
No Specimen b 110 c/ho lc/ho f'c
(kg/cm)
f'c
(ps i)
fY
(kg/cm)
fy
(psi)
ρst
(%)
ρ'st
04)
1 a12 0.200 0.565 0.530 0.265 323.2 4607 4300 61.3 1.74 0.00
2 A12 0.200 0.565 0.530 0.265 323.2 4607 4150 59.2 1.74 0.00
3 A22 0.200 0.565 0.530 0.265 323.2 4607 4210 60.0 1.74 0.00
4 A21 0.200 0.565 0.530 0.265 323.2 4607 4220 60.2 1.74 0.00
5 A31 0.200 0.565 0.530 0.265 296.0 4219 4135 58.9 1.74 0.00
6 A32 0.200 0.565 0.530 0.265 216.0 3079 4165 59.4 1.74 0.00
7 B11 0.200 0.565 0.266 0.265 313.6 4470 4270 60.9 1.74 0.00
8 B12 0.200 0.565 0.266 0.265 297.6 4242 7270 103.6 1.74 0.00
9 1321 0.200 0.565 0.795 0.265 313.6 4470 4240 60.4 1.74 0.00
10 B22 0.200 0.565 0.795 0.265 297.6 4242 4220 60.2 1.74 0.00
11 C11 0.200 0.565 0.530 0.177 323.2 4607 4165 59.4 1.74 0.00
12 C12 0.200 0.565 0.530 0.177 297.6 4242 4310 61.4 1.74 0.00
13 C21 0.200 0.565 0.530 0.354 296.0 4219 4340 61.9 1.74 0.00
14 C22 0.200 0.565 0.500 0.354 296.0 4219 4295 61.2 1.74 0.00
15 C31 0.200 0.565 0.530 0.422 296.0 4219 4005 57.1 1.74 0.00
16 C32 0.200 0.565 0.530 0.422 296.0 4219 4040 57.6 1.74 0.00
17 D11 0.200 0.365 0.411 0.411 323.2 4607 4350 62.0 2.70 0.00
18 D12 0.200 0.365 0.411 0.411 313.6 4470 4460 63.6 2.70 0.00
19 D21 0.200 0.765 0.588 0.196 313.6 4470 4260 60.7 1.28 0.00
20 D22 0.200 0.765 0.588 0.196 323.2 4607 4280 61.0 1.28 0.00
21 F11 0.200 0.565 0.530 0.265 297.6 4242 4150 59.2 1.74 0.00
22 F12 0.200 0.565 0.530 0.265 313.6 4470 4060 57.9 1.74 0.00
23 1131 0.200 0.565 0.530 0.265 264.0 3763 4230 60.3 0.85 0.00
24 1B2 0.200 0.565 0.560 0.265 264.0 3763 4230 60.3 0.85 0.00
25 ill 0.200 0.565 0.530 0.265 264.0 3763 4230 60.3 0.85 0.00
26 114 0.200 0.565 0.530 0.265 224.0 3193 4230 60.3 0.85 0.00
27 11132 0.200 0.265 0.565 0.265 264.0 3763 3450 49.2 1.12 0.00
28 Al 0.200 0.365 0.900 0.411 162.4 2315 3973 56.6 0.83 0.00
29 A2 0.200 0.365 0.650 0.411 148.8 2121 3980 56.7 0.83 0.00
30 A3 0.200 0.365 0.350 0.411 177.6 2532 4030 57.4 0.83 0.00
31 A4 0.200 0.365 0.250 0.411 240.0 3421 3890 55.5 0.55 0.00
32 A5 0.200 0.365 0.205 0.411 206.4 2942 3511 50.0 0.47 0.00
33 C2 0.200 0.365 0.580 0.411 206.4 2942 4487 64.0 0.83 0.23
34 J11 0.200 0.365 0.500 0.411 202.4 2885 4060 57.9 0.83 0.00
35 J12 0.200 0.365 0.500 0.411 173.6 2475 4060 57.9 0.83 0.00
36 J13 0.200 0.365 0.500 0.411 173.6 2475 3973 56.6 0.83 0.00
37 4 0.203 0.400 0.171 0.185 224.0 3193 3070 43.8 0.93 0.00
38 5 0.203 0.410 0.171 0.185 206.4 2942 3050 43.5 1.86 0.00
39 8 0.203 0.510 0.138 0.124 264.0 3763 3230 46.0 1.49 0.00
40 9 0.203 0.510 0.138 0.124 412.0 5873 3170 45.2 1.49 0.00
41 10 0.203 0.612 0.144 0.185 304.8 4345 3310 47.2 1.24 0.00
42 11 0.406 0.307 0.330 0.148 248.0 3535 3360 47.9 1.24 0.00
43 17 0.203 0.411 0.370 0.185 253.6 3615 6730 95.9 0.48 0.00
44 18 0.203 0.411 0.370 0.124 269.6 3843 3340 47.6 0.48 0.00
45 22 0.203 0.615 0.248 0.124 238.4 3398 6730 95.9 0.32 0.00
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Table 5.2.2 Section and Material Properties (Continued
No Specimen b ho c/h o 1 /hc 	 o f'c f'c f Y fy ρst ρlat
(kg/cm2 ) (psi) (kg/cm2) (psi) (%) (04)
46 23 0.203 0.615 0.248 0.150 250.4 3569 3170 45.2 0.32 0.00
47 24 0.203 0.410 0.372 0.125 270.4 3854 3340 47.6 0.93 0.00
48 20 0.203 0.513 0.297 0.125 226.4 3227 6730 95.9 0.38 0.00
49 26 0.203 0.410 0.372 0.185 272.0 3877 3760 53.6 0.93 0.00
50 28 0.203 0.615 0.249 0.185 211.2 3011 3340 47.6 0.62 0.00
51 29 0.203 0.615 0.249 0.124 237.6 3387 3350 47.8 0.62 0.00
52 30 0.203 0.508 0.300 0.150 272.0 3877 3210 45.8 0.99 0.00
53 31 0.203 0.610 0.250 0.125 257.6 3672 3290 46.9 0.82 0.00
54 32 0.203 0.610 0.250 0.125 277.6 3957 3210 45.8 0.82 0.00
55 33 0.203 0.410 0.372 0.185 244.0 3478 3340 47.6 1.86 0.00
56 34 0.203 0.410 0.372 0.185 259.2 3695 3760 53.6 1.86 0.00
57 37 0.203 0.615 0.249 0.124 239.2 3410 3620 51.6 1.24 0.00
58 41 0.203 0.410 0.590 0.310 267.2 3809 3120 44.5 0.93 0.00
59 43 0.203 0.615 0.394 0.207 264.0 3763 3230 46.0 0.62 0.00
60 44 0.203 0.613 0.394 0.207 244.8 3490 3190 45.5 0.62 0.00
61 46 0.203 0.410 0.590 0.310 244.8 3490 3120 44.5 1.86 0.00
62 47 0.203 0.410 0.590 0.310 259.2 3695 3120 44.5 1.86 0.00
63 60 0.203 0.410 0.621 0.185 241.6 3444 3120 44.5 0.93 0.00
64 61 0.203 0.410 0.621 0.185 260.8 3718 3820 54.5 0.93 0.00
65 69 0.203 0.410 0.621 0.185 233.6 3330 3120 44.5 1.86 0.00
66 70 0.203 0.410 0.621 0.185 249.6 3558 3750 53.5 1.86 0.00
67 75 0.203 1.060 0.300 0.072 260.8 3718 3200 45.6 0.95 0.00
68 76 0.203 1.060 0.300 0.072 259.2 3695 3290 46.9 0.95 0.00
69 77 0.203 0.616 0.144 0.207 140.0 1996 3190 45.5 0.48 0.00
70 78 0.203 0.616 0.154 0.207 139.2 1984 3120 44.5 0.93 0.00
71 80 0.203 0.512 0.297 0.248 154.4 2201 3060 43.6 0.49 0.00
72 81 0.203 0.510 0.298 0.249 163.2 2326 3150 44.9 0.94 0.00
73 82 0.203 0.405 0.297 0.314 133.6 1904 3180 45.3 1.23 0.00
74 84 0.203 0.408 0.528 0.311 144.8 2064 3320 47.3 0.93 0.00
75 87 0.203 0.613 0.145 0.207 245.6 3501 3120 44.5 0.93 0.00
76 88 0.203 0.613 0.145 0.207 241.6 3444 2250 32.1 1.24 0.00
77 89 0.203 0.513 0.297 0.248 253.6 3615 3150 44.9 0.49 0.00
78 90 0.203 0.510 0.298 0.249 268.8 3832 3270 46.6 0.93 0.00
79 91 0.203 0.405 0.297 0.314 257.6 3672 3290 46.9 1.23 0.00
80 93 0.203 0.410 0.528 0.310 252.0 3592 3350 47.8 0.93 0.00
81 94 0.203 0.405 0.531 0.314 249.6 3558 3290 46.9 1.23 0.00
82 96 0.203 0.613 0.145 0.207 407.2 5804 3270 46.6 0.93 0.00
83 97 0.203 0.510 0.298 0.249 416.0 5930 3270 46.6 0.94 0.00
84 99 0.203 0.510 0.298 0.249 416.0 5930 3270 46.6 0.94 0.00
85 100 0.203 0.405 0.297 0.314 407.2 5804 3350 47.8 1.23 0.00.
86 130 0.203 0.405 0.531 0.314 417.6 5953 3350 47.8 1.23 0.00
87 2E 0.203 0.612 0.249 0.208 283.2 4037 3160 45.0 0.62 0.00
88 3E 0.203 0.612 0.249 0.208 253.6 3615 3030 43.2 0.62 0.00
89 4E 0.203 0.612 0.249 0.208 267.2 3809 3160 45.0 0.62 0.00
90 6E 0.203 0.408 0.370 0.186 257.6 3672 3390 48.3 0.48 0.00
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Table 5.2.2 Section and Material Properties (Continued
No Specimen b 110 c/ho 1 /hc	 o f'c
(kg/cm2 )
f:
(psi)
f y
(kg/cm2)
fy
(psi)
ρst
(%)
ρ'st
(0/0)
91 1S 0.203 0.394 0.590 0.322 283.2 4037 3100 44.2 0.93 0.34
92 2S 0.203 0.394 0.590 0.322 293.6 4185 3100 44.2 0.93 0.62
93 3S 0.203 0.394 0.590 0.322 283.2 4037 3170 45.2 0.93 0.93
94 4S 0.203 0.394 0.372 0.322 276.8 3946 3120 44.5 0.93 0.34
95 5S 0.203 0.394 0.372 0.322 286.4 4083 3120 44.5 0.93 0.93
96 7S 0.203 0.594 0.394 0.215 263.2 3752 3170 45.2 0.93 0.34
97 8S 0.203 0.594 0.394 0.215 274.4 3911 3530 50.3 0.93 0.62
98 9S 0.203 0.594 0.394 0.215 270.4 3854 3630 51.7 0.93 0.93
99 10S 0.203 0.394 0.295 0.322 266.4 3797 3470 49.5 0.93 0.62
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Table 5.2.3 Comparison Between Measured and Predicted Shear Strengths of Brackets
No Specimen Pt, (Measured )
CA Pu(Predicted )
1 a12 3.940 0.265 3.704 76.5 79.5 0.962
2 A12 3.802 0.265 3.665 76.5 78.6 0.973
3 A22 3.857 0.265 3.681 62.5 79.0 0.791
4 A21 3.867 0.265 3.683 67.5 79.0 0.854
5 A31 3.936 0.265 3.625 70.0 74.9 0.935
6 A32 4.615 0.265 3.501 73.9 62.1 1.190
7 B11 3.785 0.001 4.000 75.0 88.7 0.845
8 B12 6.593 0.001 4.000 85.0 86.7 0.980
9 B22 4.130 0.530 2.879 49.5 58.1 0.852
10 B21 4.206 0.530 2.842 67.2 56.1 1.198
11 B22 3.877 0.353 3.367 55.0 71.1 0.773
12 C11 4.158 0.353 3.354 55.5 68.4 0.812
13 C12 4.066 0.176 4.000 80.0 83.9 0.953
14 C22 4.003 0.146 4.000 77.5 84.4 0.918
15 C21 3.708 0.108 4.000 81.0 84.9 0.954
16 C31 3.741 0.108 4.000 82.5 84.9 0.971
17 C32 5.906 0.000 4.000 80.0 58.1 1.378
18 D1 1 6.133 0.000 4.000 62.5 57.3 1.090
19 D12 2.976 0.392 3.021 80.0 84.7 0.945
20 D21 2.952 0.392 3.036 63.5 86.2 0.736
21 D22 3.940 0.265 3.631 63.5 75.2 0.845
22 F11 3.768 0.265 3.629 73.4 76.9 0.955
23 F12 2.073 0.265 2.932 47.3 57.5 0.823
24 1B1 2.084 0.295 2.864 60.0 55.8 1.075
25 1B2 2.073 0.265 2.932 58.0 57.5 1.009
26 II1 2.247 0.265 2.892 47.5 52.3 0.909
27 114 2.242 0.300 2.909 39.8 26.6 1.498
28 111132 2.549 0.489 2.318 20.0 21.9 0.914
29 Al 2.563 0.239 2.792 27.5 26.3 1.047
30 A2 2.256 0.000 3.894 39.5 42.1 0.937
31 A3 1.234 0.000 3.885 40.0 49.2 0.813
32 A4 1.016 0.000 3.773 37.0 44.2 0.836
33 A5 3.049 0.169 3.417 30.0 38.9 0.771
34 J11 2.152 0.089 3.315 35.0 37.9 0.924
35 J12 2.337 0.089 3.290 34.0 34.6 0.982
36 J13 2.287 0.089 3.267 37.5 34.4 1.090
37 A13 1.704 0.000 3.526 45.4 48.0 0.946
38 A14 3.532 0.000 4.000 63.5 53.5 1.187
.	 39 B14 2.656 0.014 4.000 79.5 75.0 1.059
40 C13 2.172 0.014 4.000 119.0 90.0 1.322
41 C14 2.116 0.000 4.000 78.5 96.4 0.815
42 D12 2.439 0.182 3.276 83.0 69.7 1.190
43 D13 1.872 0.185 3.031 38.8 43.6 0.889
44 D14 0.912 0.246 2.430 36.7 35.6 1.030
45 4 1.273 0.124 2.842 47.0 60.0 0.783
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Table 5.2.3 Comparison Between Measured and Predicted Shear Strengths (Continued)
No Specimen Ts x PL,.. Pu
(Measured)
(x103kgf)
Pu
(Predicted)
(x10 3 kgf)
Pu(Measured)
CA Pu( Pr edicted)
46 5 0.583 0.098 2.468 39.8 53.7 0.742
47 8 1.765 0.247 2.862 40.2 41.9 0.959
48 9 1.564 0.172 2.845 39.0 48.4 0.805
49 10 1.961 0.187 3.114 49.6 46.2 1.073
50 11 1.288 0.064 2.945 56.6 59.1 0.957
51 17 1.230 0.125 2.811 56.3 59.3 0.950
52 18 1.770 0.150 3.129 61.5 57.9 1.062
53 22 1.535 0.125 3.040 67.0 66.1 1.013
54 23 1.446 0.125 3.036 63.2 68.4 0.924
55 24 3.670 0.187 3.696 51.5 52.1 0.989
56 20 4.012 0.187 3.860 55.5 56.0 0.991
57 26 2.649 0.125 3.542 70.5 74.9 0.941
58 28 1.668 0.280 2.738 35.0 39.6 0.883
59 29 1.139 0.187 2.668 54.5 58.6 0.931
60 30 1.166 0.187 2.642 51.0 55.8 0.915
61 31 3.479 0.280 3.288 47.1 45.6 1.032
62 32 3.384 0.280 3.308 47.5 47.2 1.006
63 33 1.801 0.436 2.458 36.0 33.0 1.092
64 34 2.125 0.436 2.592 34.0 36.1 0.943
65 37 3.663 0.436 2.825 39.0 37.2 1.047
66 41 4.261 0.436 2.953 36.4 40.2 0.905
67 43 1.751 0.228 2.880 97.0 107.6 0.902
68 44 1.806 0.228 2.901 113.0 108.0 1.046
69 46 1.180 0.000 3.009 41.6 48.8 0.852
70 47 2.243 0.000 3.645 48.0 59.0 0.814
71 60 1.102 0.049 2.679 37.5 37.9 0.990
72 61 2.110 0.049 3.281 48.8 47.7 1.024
73 69 3.096 0.000 3.891 38.5 40.4 0.953
74 70 2.423 0.217 2.792 31.7 29.5 1.076
75 75 1.654 0.000 3.772 71.0 82.3 0.862
76 76 1.603 0.000 3.721 68.2 80.6 0.846
77 77 0.874 0.049 2.820 49.5 51.9 0.954
78 78 1.674 0.049 3.402 70.0 64.0 1.094
79 80 2.254 0.000 4.000 56.0 59.0 0.949
80 81 1.822 0.218 2.915 40.0 41.5 0.964
81 82 2.377 0.217 3.146 52.0 44.0 1.181
82 84 1.401 0.000 4.000 114.0 108.1 1.055
83 87 1.418 0.049 3.554 85.0 79.8 1.065
84 88 1.418 0.049 3.554 85.0 79.8 1.065
85 89 1.898 0.000 4.000 77.5 71.4 1.085
86 90 1.954 0.217 3.313 54.0 57.4 0.940
87 91 1.051 0.041 3.045 65.8 70.5 0.933
88 93 1.062 0.041 2.981 56.0 65.5 0.855
89 94 1.080 0.041 3.028 66.0 68.2 0.967
90 96 0.936 0.184 2.540 28.8 36.6 0.787
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Table 5.2.3 Comparison Between Measured and Predicted Shear Strength (Continued)
No Specimen ifs X P Pu(Measured)
(x10 3 kgf)
Pu
(Predicted)
(x10 3kgf)
Pu(Measured)
ft*A P„ (Predicted )
91 97 2.198 0.268 3.019 41.6 43.2 0.962
92 99 2.639 0.268 3.207 47.6 46.7 1.019
93 100 3.292 0.268 3.393 47.8 48.6 0.983
94 130 2.152 0.050 3.706 52.6 54.6 0.964
95 2E 3.103 0.050 4.000 65.5 59.8 1.095
96 3E 2.289 0.179 3.265 69.5 69.2 1.004
97 4E 3.051 0.179 3.609 79.2 78.0 1.015
98 6E 3.791 0.179 3.863 77.2 83.0 0.931
99 2.949 0.000 4.000 68.3 58.4 1.170
Average 0.973
STD 0.130
Table 5.3.1 Material Properties and Dimensions of Deep Beams
Number
(1)
Specimen
(2)
ph
(%)
(3)
-	 _
pv
(%)
(4)
fhy
psi
(5)
fhy
Mpa
(6)
NY
psi
(7)
NY
Mpa
(8)
Es
ksi
(9)
Es
GPI
(10)
.f.
3 c
Psi
(11)
f '
3 f'c
MPa
(12)
a
in
(13)
a
m
(14)
h
in
(16)
h
m
(17)
b
in
(18)
b
m
(19)
d
in
(20)
d
m
(21)
1 1A1-10 2.15 0.28 62500 430.94 63430 437.35 27000 186.17 2710 18.685 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
2 1A3-11 2.36 0.28 62500 430.94 63430 437.35 27000 186.17 2615 18.030 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
3 1A4-12 2.46 0.28 62500 430.94 63430 437.35 27000 186.17 2330 16.065 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
4 1A4-51 2.46 0.28 62500 430.94 63430 437.35 27000 186.17 2980 20.547 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
5 1A6-37 2.67 0.28 62500 430.94 63430 437.35 27000 186.17 3050 21.030 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
6 2A1-38 2.15 0.63 62500 430.94 63430 437.35 27000 186.17 3145 21.685 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
7 2A3-39 2.36 0.63 62500 430.94 63430 437.35 27000 186.17 2865 19.754 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
8 2A4-40 2.46 0.63 62500 430.94 63430 437.35 27000 186.17 2950 20.340 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
9 2A6-41 2.67 0.63 62500 430.94 63430 437.35 27000 186.17 2775 19.134 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
10 3A1-42 2.15 1.25 62500 430.94 63430 437.35 27000 186.17 2670 18.410 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
11 3A3-43 2.36 1.25 62500 430.94 63430 437.35 27000 186.17 2790 19.237 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
12BT 3A4-45 2.46 1.25 62500 430.94 63430 437.35 27000 186.17 3020 20.823 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
13 3A6-46 2.67 1.25 62500 430.94 63430 437.35 27000 186.17 2890 19.927 12.0 0.305 14.0 0.343 4.0 0.098 11.00 0.270
14 1B1-04 2.15 0.24 62500 430.94 63430 437.35 27000 186.17 3200 22.064 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
15 1B3-29 2.36 0.24 62500 430.94 63430 437.35 27000 186.17 2915 20.099 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
16 1B4-40 2.46 0.24 62500 430.94 63430 437.35 27000 186.17 3020 20.823 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
17 1B6-31 2.67 0.24 62500 430.94 63430 437.35 27000 186.17 2830 19.513 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
18 2B1-05 2.15 0.42 62500 430.94 63430 437.35 27000 186.17 2780 19.168 14.5 0368 14.0 0.343 4.0 0.098 11.00 0.270
20 2134-07 2.46 0.42 62500 430.94 63430 437.35 27000 186.17 2790 19.237 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
21 2134-52 2.46 0.42 62500 430.94 63430 437.35 27000 186.17 3160 21.788 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
22 2136-32 2.67 0.42 62500 430.94 63430 437.35 27000 186.17 2865 19.754 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
23 3B1-08 2.15 0.63 62500 430.94 63430 437.35 27000 186.17 2355 16.238 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
24 3B1-36 2.15 0.77 62500 430.94 63430 437.35 27000 186.17 2960 20.409 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
25 3133-33 2.36 0.77 62500 430.94 63430 437.35 27000 186.17 2755 18.996 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
26 3B4-34 2.46 0.77 62500 430.94 63430 437.35 27000 186.17 2790 19.237 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
27 3B6-35 2.67 0.77 62500 430.94 63430 437.35 27000 186.17 2995 20.651 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
29 4B1-09 2.15 1.25 62500 430.94 63430 437.35 27000 186.17 2480 17.100 14.5 0.368 14.0 0.343 4.0 0.098 11.00 0.270
29 1C1-14 2.15 0.18 62500 430.94 63430 437.35 27000 186.17 2790 19.237 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
30 1C1-02 2.36 0.18 62500 430.94 63430 437.35 27000 186.17 3175 21.892 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
31 1C4-15 2.46 0.18 62500 430.94 63430 437.35 27000 186.17 3290 22.685 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
32 106-16 2.67 0.18 62500 430.94 63430 437.35 27000 186.17 3160 21.788 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
33 2C1-17 2.15 0.31 62500 430.94 63430 437.35 27000 186.17 2880 19.858 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
34 2C3-03 2.36 0.31 62500 430.94 63430 437.35 27000 186.17 2790 19.237 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
35 2C3-27 2.36 0.31 62500 430.94 63430 437.35 27000 186.17 2800 19.306 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
36 2C4-18 2.46 0.31 62500 430.94 63430 437.35 27000 186.17 2965 20.444 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
37 3C1-19 2.67 0.31 62500 430.94 63430 437.35 27000 186.17 3010 20.754 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
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Table 5.3.1 Material Properties and Dimensions of Deep Beams (Continued)
Number Specimen (,102) p(vv.) fhypsi fhyMpa
fvy
psi fvyMpa
Es
ksi
E
GA .f C
psi
f'
 c 
M Pa
a
in
a
III
h
in
h
m
b
in
b
m
d
in
d
m
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (16) (17) (18) (19) (20) (21)
38 3C1-20 2.15 0.56 62500 430.94 63430 437.35 27000 186.17 3050 21.030 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
39 3C3-21 2.36 0.56 62500 430.94 63430 437.35 27000 186.17 2400 16.548 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
40 3C4-22 2.46 0.56 62500 430.94 63430 437.35 27000 186.17 2650 18.272 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
41 3C6-23 2.67 0.56 62500 430.94 63430 437.35 27000 186.17 2755 18.996 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
42 4C1-24 2.15 0.77 62500 430.94 63430 437.35 27000 186.17 2840 19.582 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
43 4C3-04 2.36 0.63 62500 430.94 63430 437.35 27000 186.17 2690 18.548 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
44 4C3-28 2.36 0.77 62500 430.94 63430 437.35 27000 186.17 2790 19.237 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
45 4C4-25 2.46 0.77 62500 430.94 63430 437.35 27000 186.17 2685 18.513 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
46 4C6-26 2.67 0.77 62500 430.94 63430 437.35 27000 186.17 3080 21.237 18.0 0.457 14.0 0.343 4.0 0.098 11.00 0.270
47 4D1-13 2.67 0.42 62500 430.94 63430 437.35 27000 186.17 2330 16.065 25.0 0.635 14.0 0.343 4.0 0.098 11.00 0.270
48 1-30 0.52 2.45 41600 286.83 40600 279.94 29000 199.96 3120 21.512 10.0 0.254 30.0 0.735 3.0 0.0735 27.40 0.671
49 1-25 0.63 2.45 41600 286.83 40600 279.94 29000 199.96 3560 24.546 10.0 0.254 25.0 0.613 3.0 0.0735 22.50 0.551
50 1-20 0.80 2.45 41600 286.83 40600 279.94 29000 199.96 3080 21.237 10.0 0.254 20.0 0.490 3.0 0.0735 17.30 0.424
51 1-15 1.41 2.45 41600 286.83 40600 279.94 29000 199.96 3080 21.237 10.0 0.254 15.0 0.368 3.0 0.0735 12.30 0.301
52 1-10 1.73 2.45 41600 286.83 40600 279.94 29000 199.96 3140 21.650 10.0 0.254 10.0 0.245 3.0 0.0735 7.40 0.181
53 2-30 0.52 0.86 41600 286.83 44000 303.38 29000 199.96 3785 26.098 10.0 0.254 30.0 0.735 3.0 0.0735 27.20 0.666
54 2-25 0.63 0.86 41600 286.83 44000 303.38 29000 199.96 2700 18.617 10.0 0.254 25.0 0.613 3.0 0.0735 22.20 0.544
55 2-20 0.80 0.86 41600 286.83 44000 303.38 29000 199.96 2880 19.858 10.0 0.254 20.0 0.490 3.0 0.0735 17.30 0.424
56 2-15 1.09 0.86 41600 286.83 44000 303.38 29000 199.96 3300 22.754 10.0 0.254 15.0 0.368 3.0 0.0735 12.40 0.304
57 2-10 1.73 0.86 41600 286.83 44000 303.38 29000 199.96 2920 20.133 10.0 0.254 10.0 0.245 3.0 0.0735 7.30 0.179
58 5-30 1.14 0.61 40600 279.94 40600 279.94 29000 199.96 2690 18.548 10.0 0.254 30.0 0.735 3.0 0.0735 25.80 0.632
59 5-25 1.24 0.61 40600 279.94 40600 279.94 29000 199.96 2790 19.237 10.0 0.254 25.0 0.613 3.0 0.0735 20.90 0.512
60 5-20 1.41 0.61 40600 279.94 40600 279.94 29000 199.96 2920 20.133 10.0 0.254 20.0 0.490 3.0 0.0735 16.00 0.392
61 5-15 1.70 0.61 40600 279.94 40600 279.94 29000 199.96 3180 21.926 10.0 0.254 15.0 0.368 3.0 0.0735 11.20 0.274
62 5-10 2.34 0.61 40600 279.94 40600 279.94 29000 199.96 3270 22.547 10.0 0.254 10.0 0.245 3.0 0.0735 6.50 0.159
63 0339.1 2.59 1.09 47300 326.13 32000 220.64 29000 199.96 2890 19.927 8.0 0.203 9.0 0.221 3.0 0.0735 7.25 0.178
64 G339.3 3.41 1.09 44200 304.76 32000 220.64 29000 199.96 2910 20.064 8.0 0.203 9.0 0.221 3.0 0.0735 7.25 0.178
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Table 5.3.2 Comparison of Measured and Predicted Ultimate Shear Strengths of Deep Beams "
.
Number
(1)
e
fc
Psi
3 c
3)
MPa
f Ψh
(4)
Ψv
(5)
m
(6)
K
(7)
v
(8)
X
(9)
(2)
a
(10)
P
(11)
Measured
lb
(12)
Measured
KN
(13)
Predicted
lb
(14)
Predicted
KN
(15)
x*
(16)
1 2710.00 18.685 5.559 0.735 8.199 1.033 0.707 0.860 37.830 37.830 36250 161.240 28481.40 126.685 1.273
2 2615.00 18.030 6.220 0.749 8.102 1.017 0.710 0.860 37.430 37.430 33350 148.341 27833.49 123.803 1.198
3 2330.00 16.065 6.906 0.798 7.796 0.966 0.720 0.860 36.210 36.210 31750 141.224 25820.30 114.849 1.230
4 2980.00 20.547 6.049 0.699 8.463 1.078 0.697 0.860 38.650 38.650 38430 170.937 30261.01 134.601 1.270
5 3050.00 21.030 6.487 0.690 8.528 1.089 0.695 0.860 38.650 38.650 41385 184.080 30708.35 136.591 1.348
6 3145.00 21.685 5.142 1.529 8.616 1.104 0.692 0.860 40.170 40.170 39230 174.495 37850.02 168.357 1.036
7 2865.00 19.754 5.924 1.605 8.352 1.059 0.701 0.860 38.000 38.000 38350 170.581 3605135 160.356 1.064
8 2950.00 20.340 6.081 1.581 8.434 1.073 0.698 0.860 38.700 38.700 38650 171.915 36612.97 162.854 1.056
9 2775.00 19.134 6.816 1.632 8.264 1.044 0.704 0.860 37.230 37.230 36400 161.907 35440.86 157.641 1.027
10 2670.00 18.410 5.603 3.306 8.158 1.026 0.708 0.860 10.930 10.930 36200 161.018 42265.29 187.996 0.856
11 2790.00 19.237 6.008 3.229 8.279 1.047 0.704 0.860 12.700 12.700 38830 172.716 43623.40 194.037 0.890
12 3020.00 20.823 6.008 3.098 8.500 1.084 0.696 0.860 15.730 15.730 40140 178.543 46066.95 204.906 0.871
13 2890.00 19.927 6.672 3.170 8.377 1.063 0.700 0.860 14.070 14.070 37800 168.134 44710.18 198.871 0.845
14 3200.00 22.064 5330 0.604 8.666 1.112 0.690 1.040 0.460 0.460 33150 147.451 29629.78 131.793 1.119
15 2915.00 20.099 6.236 0.634 8.401 1.067 0.700 1.040 0.460 0.460 32275 143.559 27920.25 124.189 1.156
16 3020.00 20.823 6.282 0.622 8.500 1.084 0.696 1.040 0.460 0.460 31550 140.334 28559.78 127.034 1.105
17 2830.00 19.513 7.053 0.643 8.318 1.053 0.702 1.040 0.460 0.460 34475 153.345 27392.38 121.841 1.259
18 2780.00 19.168 5.733 1.137 8.269 1.045 0.704 1.040 46.470 46.470 29000 128.992 29362.29 130.603 0.988
19 2755.00 18.996 6.324 1.142 8.244 1.041 0.705 1.040 46300 46300 29500 131.216 29229.57 130.013 1.009
20 2535.00 17.479 6.894 1.194 8.019 1.003 0.713 1.040 44.590 44.590 28350 126.101 28017.62 124.622 1.012
21 3160.00 21.788 6.137 1.063 8.630 1.106 0.691 1.040 48.900 48.900 33700 149.898 31267.16 139.076 1.078
22 2865.00 19.754 7.008 1.119 8.352 1.059 0.701 1.040 47.060 47.060 32650 145.227 29806.36 132.579 1.095
23 2355.00 16.238 6.274 1.866 7.824 0.971 0.719 1.040 31.540 31.540 29400 130.771 31422.59 139.768 0.936
24 2960.00 20.409 5.547 2.016 8.444 1.074 0.698 1.040 31.490 31.490 35735 158.949 38368.41 170.663 0.931
25 2755.00 18.996 6.324 2.094 8.244 1.041 0.705 1.040 29.470 29.470 35600 158.349 36829.62 163.818 0.967
26 2790.00 19.237 6.548 2.080 8.279 1.047 0.704 1.040 29.840 29.840 34850 155.013 37099.45 165.018 0.939
27 2995.00 20.651 6.847 2.004 8.477 1.080 0.697 1.040 31.810 31.810 37350 166.133 38621.49 171.788 0.967
28 2480.00 17.100 6.097 3.598 7.960 0.993 0.715 1.040 5.510 5.510 34500 153.456 38415.14 170.871 0.898
29 2790.00 19.237 6.107 0.519 8.279 1.047 0.704 1.290 0.520 0.520 26750 118.984 24415.41 108.600 1.096
30 3175.00 21.892 6.268 0.485 8.643 1.108 0.691 1.290 0.520 0.520 27750 123.432 26567.66 118.173 1.045
31 3290.00 22.685 6.417 0.477 8.746 1.126 0.687 1.290 0.520 0.520 29450 130.994 27182.56 120.908 1.083
32 3160.00 21.788 7.108 0.486 8.630 1.106 0.691 1.290 0.520 0.520 27500 122.320 26486.41 117.812 1.038
33 2800.00 19.306 6.095 0.892 8.289 1.048 0.703 1.290 0.520 0.520 27900 124.099 27322.81 121.532 1.021
34 2790.00 19.237 6.703 0.894 8.279 1.047 0.704 1.290 0.520 0.520 23300 103.638 27261.54 121.259 0.855
35 2800.00 19306 6.690 0.892 8.289 1.048 0.703 1.290 0.520 0.520 25925 115.314 27322.81 121.532 0.949
36 2965.00 20.444 6.767 0.865 8.448 1.075 0.698 1.290 0.520 0.520 28000 124.544 28315.57 125.948 0.989
‘ 	 37 3010.00 20.754 7.288 0.859 8.491 1.082 0.696 1.290 0.520 0.520 27900 124.099 28581.71 127.131 0.976
x*= Measured/Predicted
Table 5.3.2 Comparison of Measured and Predicted Ultimate Shear Strengths of Deep Beams (Continued
Number
(1)
fc:3
Psi
(2)
r.
Jc
M
(3Pa)
Ψh
(4)
Ψv
(5)
m
(6)
K
(7)
v
(8)
λ
(9)
a
(10)
13
(11)
Measured
lb
(12)
Measured
KN
(13)
Predicted
lb
(14)
Predicted
KN
(15)
x*
(16)
38 3050.00 21.030 5.829 1.541 8.528 1.089 0.695 1.290 39.690 39.690 31650 140.779 33284.10 148.048 0.951
39 2400.00 16.548 7.272 1.782 7.874 0.979 0.717 1.290 33.180 33.180 28100 124.989 29407.47 130.804 0.956
40 2650.00 18.272 7.182 1.659 8.138 1.023 0.709 1.290 36.320 36.320 28700 127.658 30883.98 137.372 0.929
41 2755.00 18.996 7.635 1.625 8.244 1.041 0.705 1.290 37.280 37.280 30850 137.221 31542.51 140.301 0.978
42 2840.00 19.582 6.049 2.199 8.328 1.055 0.702 1.290 28.160 28.160 32950 146.562 35879.61 159.593 0.918
43 2690.00 18.548 6.835 1.852 8.179 1.030 0.707 1.290 33.180 33.180 28900 128.547 32502.00 144.569 0.889
44 2790.00 19.237 6.703 2.220 8.279 1.047 0.704 1.290 27.630 27.630 34250 152.344 35507.32 157.937 0.965
45 2685.00 18.513 7.131 2.265 8.174 1.029 0.707 1.290 26.470 26.470 34300 152.566 34705.43 154.370 0.988
46 3080.00 21.237 7.202 2.108 8.556 1.093 0.694 1.290 30.480 30.480 35850 159.461 37587.35 167.189 0.954
47 2330.00 16.065 9.651 1.541 7.796 0.966 0.720 1.780 37.210 37.210 19650 87.403 23618.80 105.056 0.832
48 3120.00 21.512 0.737 3.389 8.593 1.100 0.692 0.330 38.580 38.580 53700 238.858 66727.32 296.803 0.805
49 3560.00 24.546 0.849 3.221 8.979 1.165 0.677 0.400 38.530 38.530 50400 224.179 61191.79 272.181 0.824
50 3080.00 21.237 1.184 3.540 8.556 1.093 0.694 0.500 35.370 35.370 42600 189.485 45086.96 200.547 0.945
51 3080.00 21.237 1.677 3.679 8.556 1.093 0.694 0.670 32.680 32.680 36900 164.131 34116.27 151.749 1.082
52 3140.00 21.650 2.853 3.944 8.611 1.103 0.692 1.000 20.160 20.160 20100 89.405 22616.58 100.599 0.889
53 2785.00 19.203 0.782 1.368 8.274 1.046 0.704 0.330 37.520 37.520 56000 249.088 57421.34 255.410 0.975
54 2700.00 18.617 0.978 1.412 8.189 1.032 0.707 0.400 35.910 35.910 50400 224.179 47152.98 209.736 1.069
55 2880.00 19.858 1.226 1.395 8.367 1.061 0.701 0.500 34.710 34.710 48400 215.283 39082.89 173.841 1.238
56 3300.00 22.754 1.619 1.351 8.755 1.127 0.686 0.670 33.370 33.370 31400 139.667 30903.52 137.459 1.016
57 2920.00 20.133 2.962 1.558 8.405 1.068 0.699 1.000 17.620 17.620 22400 99.635 17398.66 77.389 1.287
58 2690.00 18.548 1.689 0.912 8.179 1.030 0.707 0.330 31.800 31.800 53800 239.302 57950.84 257.765 0.928
59 2790.00 19.237 1.846 0.908 8.279 1.047 0.704 0.400 31.290 31.290 46800 208.166 47436.20 210.996 0.987
60 2920.00 20.133 2.095 0.906 8.405 1.068 0.699 0.500 30.370 30.370 38800 172.582 36834.14 163.838 1.053
61 3180.00 21.926 2.512 0.901 8.648 1.109 0.690 0.670 25.120 25.120 28600 127.213 26576.70 118.213 1.076
62 3270.00 22.547 3.690 0.962 8.729 1.123 0.687 1.000 9.340 9.340 17500 77.840 14372.03 63.927 1.218
63 2890.00 19.927 4.934 1.405 8.377 1.063 0.700 0.890 41.650 41.650 19000 84.512 16899.86 75.171 1.124
64 2910.00 20.064 6.049 1.400 8.396 1.066 0.700 0.890 41.800 41.800 22800 101.414 16959.96 75.438 1.344
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Table 5.4.1 Section and Material Properties of Torsional Members
specimen a
(in)
b
 (in)
as
(in)
bs
(in)
fc
psi
fls
ksi
fts
ksi
Long. Trans.
B1 10.00 15.00 8.50 13.50 4000 45.5 49.5 4#4 #3@6.00
B2 10.00 15.00 8.50 13.50 4150 45.9 46.4 4#5 #4@7.13
B3 10.00 15.00 8.50 13.50 4070 47.5 46.4 4#6 #4@5.00
B4 10.00 15.00 8.50 13.50 4430 46.4 46.9 4#7 #4@3.63
B5 10.00 15.00 8.50 13.50 4210 48.2 46.6 4#8 #4@2.75
B6 10.00 15.00 8.50 13.50 4180 48.1 46.8 4#9 #4®2.25
B7 10.00 15.00 8.50 13.50 3770 46.4 46.2 4#4 #4@5.00
B8 10.00 15.00 8.50 13.50 3880 46.7 46.4 4#4 #4@2.25
B9 10.00 15.00 8.50 13.50 4180 46.3 49.7 4#6 #3@6.00
B10 10.00 15.00 8.50 13.50 3840 48.5 49.6 4#9 #3@6.00
D1 10.00 15.00 8.50 13.50 3860 48.3 49.0 4#4 #3@6.00
D2 10.00 15.00 8.50 13.50 3710 46.8 48.0 4#5 #4@7.13
D3 10.00 15.00 8.50 13.50 4120 49.5 48.3 4#6 #4@5.00
D4 10.00 15.00 8.50 13.50 4440 47.9 48.3 4#7 #4@3.63
M1 10.00 15.00 8.50 13.50 4330 47.3 51.2 4#5 #3@5.88
M2 10.00 15.00 8.50 13.50 4430 47.7 51.8 4#6 #3@4.13
M3 10.00 15.00 8.50 13.50 3880 46.7 47.3 4#7 #4@5.50
M4 10.00 15.00 8.50 13.50 3850 46.2 47.4 4#8 #4@4.13
M5 10.00 15.00 8.50 13.50 4060 48.6 48.0 4#9 #4@3.25
M6 10.00 15.00 8.50 13.50 4260 46.1 49.4 6#8 #4@2.75
12 10.00 15.00 8.50 13.50 6560 47.2 50.6 4#5 #3@3.88
13 10.00 15.00 8.50 13.50 6490 49.8 48.4 4#6 #4@5.00
14 10.00 15.00 8.50 13.50 6520 45.7 47.3 4#7 #4@3.63
15 10.00 15.00 8.50 13.50 6530 45.0 47.2 4#8 #4@2.75
16 10.00 15.00 8.50 13.50 6640 47.2 47.7 4#9 #4@2.25
01 10.00 20.00 8.50 18.50 4320 46.7 49.2 4#4 #3@7.38
G2 10.00 20.00 8.50 18.50 4480 46.8 48.4 4#5 43@4.75
G3 10.00 20.00 8.50 18.50 3890 49.1 47.5 4#6 #4@6.13
G4 10.00 20.00 8.50 18.50 4100 47.2 49.6 4#7 #4@4.50
G5 10.00 20.00 8.50 18.50 3900 48.0 47.5 4#8 #4@3.38
G6 10.00 20.00 8.50 18.50 4340 48.5 50.7 6#4 #3@5.00
G7 10.00 20.00 8.50 18.50 4490 46.3 46.8 6#5 #4@5.75
G8 10.00 20.00 8.50 18.50 4110 46.7 47.7 6#6 #4@4.13
C1 10.00 10.00 8.50 8.50 3920 49.5 49.5 4#3 #3@8.50
CC2 10.00 10.00 8.50 8.50 3850 48.5 50.0 4#4 #3@4.63
C3 10.00 10.00 8.50 8.50 3900 48.0 47.8 4#5 #4@5.50
C4 10.00 10.00 8.50 8.50 3940 48.8 47.5 4#6 #4@3.88
C5 10.00 10.00 8.50 8.50 3950 47.6 47.7 4#7 #4@2.88
C6 10.00 10.00 8.50 8.50 4000 45.8 47.5 4#8 #4@2.13
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Table 5.4.2 Comparison Between Measured and Predicted Ultimate Torsional
Strength
, 	 -
specimen IP
(in2)
a b,(1+112-)
z	 b,
(in2)
Ψst Tu Tu
Measured
(kips-in)
Tu
Predicted
(kips-in)
T1, (measured )
ft*I p T„ (predicted )
B1 291.7 187.0 1.54 0.26 2.39 197 205.67 0.96
B2 291.7 187.0 2.38 0.63 2.84 259 258.87 1.00
B3 291.7 187.0 3.52 1.28 2.99 332 348.29 0.95
B4 291.7 187.0 4.58 2.45 3.64 419 475.64 0.88
B5 291.7 187.0 6.35 4.20 4.00 497 502.55 0.99
B6 291.7 187.0 8.04 6.48 4.00 546 499.75 1.09
B7 291.7 187.0 1.60 0.57 2.43 238 212.56 1.12
B8 291.7 187.0 1.60 1.28 3.80 288 340.00 0.85
B9 291.7 187.0 3.41 0.59 2.51 264 294.95 0.90
810 291.7 187.0 8.31 1.31 3.03 304 353.99 0.86
D1 291.7 187.0 1.65 0.26 2.21 198 197.96 1.00
D2 291.7 187.0 2.51 0.62 2.53 245 244.71 1.00
D3 291.7 187.0 3.66 1.28 2.99 346 356.65 0.97
D4 291.7 187.0 4.73 2.45 3.62 424 473.84 0.89
MI 291.7 187.0 2.43 0.43 2.42 269 261.87 1.03
M2 291.7 187.0 3.45 0.87 2.81 359 347.11 1.03
M3 291.7 187.0 4.79 1.57 3.19 388 375.78 1.03
M4 291.7 187.0 6.25 2.75 3.85 439 450.72 0.97
M5 291.7 187.0 8.19 4.46 4.00 493 488.47 1.01
M6 291.7 187.0 12.11 3.44 3.96 532 502.10 1.06
12 291.7 187.0 2.23 0.73 2.54 319 358.67 0.89
13 291.7 187.0 3.35 1.46 3.12 404 496.95 0.81
14 291.7 187.0 4.18 2.75 3.67 514 627.22 0.82
15 291.7 187.0 5.42 4.78 4.00 626 684.25 0.91
16 291.7 187.0 7.19 7.45 4.00 679 691.19 0.98
G1 416.7 229.5 0.97 0.19 2.04 237 260.35 0.91
G2 416.7 229.5 1.49 0.46 2.33 357 328.67 1.09
G3 416.7 229.5 2.31 0.89 2.73 439 382.64 1.15
G4 416.7 229.5 2.98 1.66 3.24 574 511.74 1.12
G5 416.7 229.5 4.05 2.89 3.99 637 674.23 0.94
G6 416.7 229.5 2.01 0.23 2.24 346 329.79 1.05
G7 416.7 229.5 2.95 0.56 2.49 466 420.33 1.11
G8 416.7 229.5 4.33 1.09 2.87 560 505.52 1.11
C I 166.7 144.5 1.99 0.14 2.13 100 115.52 0.87
CC2 166.7 144.5 3.57 0.46 2.49 135 159.36 0.85
C3 166.7 144.5 5.45 1.10 2.88 177 194.66 0.91
C4 166.7 144.5 7.84 2.21 3.63 224 247.36 0.91
CS 166.7 144.5 10.42 4.07 4.00 263 273.12 0.96
C6 166.7 144.5 13.15 7.27 4.00 303 275.86 1.10
Average 0.98
STD 0.09
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